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Crystal Resonator

C0
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L3 C3t

quartz

Quartz crystal is a piezoelectric material. An electric field
causes a mechanical displacement and vice versa. Thus it is a
electromechanical transducer.

The equivalent circuit contains series LCR circuits that
represent resonant modes of the XTAL. The capacitor C0 is a
physical capacitor that results from the parallel plate
capacitance due to the leads.
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Fundamental Resonant Mode

Acoustic waves through the crystal have phase velocity
v = 3× 103m/s. For a thickness t = 1mm, the delay time through
the XTAL is given by τ = t/v = (10−3m)/(3 × 103m/s) = 1/3µs.

This corresponds to a fundamental resonant frequency
f0 = 1/τ = v/t = 3MHz = 1

2π
√

L1C1

.

The quality factor is extremely high, with Q ∼ 3 × 106 (in
vacuum) and about Q = 1 × 106 (air). This is much higher than
can be acheived with electrical circuit elements (inductors,
capacitors, transmission lines, etc). This high Q factor leads to
good frequency stability (low phase noise).
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MEMS Resonators

The highest frequency, though, is limited by the thickness of the
material. For t ≈ 15µm, the frequency is about 200MHz. MEMS
resonators have been demonstrated up to ∼ GHz frequencies.
MEMS resonators are an active research area.

Integrated MEMS resonators are fabricated from polysilicon
beams (forks), disks, and other mechanical structures. These
resonators are electrostatically induced structures.

We’ll come back to MEMS resonators in the second part of the
lecture
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Example XTAL

C0

L1

C1

R1

Some typical numbers for a fundamen-
tal mode resonator are C0 = 3pF, L1 =
0.25H, C1 = 40fF, R1 = 50Ω, and f0 =
1.6MHz. Note that the values of L1 and
C1 are modeling parameters and not
physical inductance/capacitance. The
value of L is large in order to reflect the
high quality factor.

The quality factor is given by

Q =
ωL1

R1

= 50 × 103 =
1

ωR1C1
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XTAL Resonance

Recall that a series resonator has a phase shift from −90◦ to
+90◦ as the impedance changes from capacitive to inductive
form. The phase shift occurs rapidly for high Q structures.

It’s easy to show that the rate of change of phase is directly
related to the Q of the resonator

Q =
ωs

2

dφ

dω

∣
∣
∣
∣
ω0

For high Q structures, the phase shift is thus almost a “step”
function unless we really zoom in to see the details.
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XTAL Phase Shift

ω0

∆ω
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In fact, it’s easy to show that the ±45◦ points are only a distance
of ωs/(2Q) apart.

∆ω

ω0

=
1

Q

For Q = 50 × 103, this phase change requires an only 20ppm
change in frequency.
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Series and Parallel Mode

C0

L1 C1 R1

C0

L1 R1

low resistance high resistance

Due to the external physical capacitor, there are two resonant
modes between a series branch and the capacitor. In the series
mode ωs, the LCR is a low impedance (“short”). But beyond this
frequency, the LCR is an equivalent inductor that resonates
with the external capacitance to produce a parallel resonant
circuit at frequency ωp > ωs.
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Crystal Oscillator

Leff Leff

In practice, any oscillator topology can employ a crystal as an
effective inductor (between ωs and ωp). The crystal can take on
any appropriate value of Leff to resonate with the external
capacitance.

Topoligies that minmize the tank loading are desirable in order
to minize the XTAL de-Qing. The Pierce resonator is very
popular for this reason.
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Clock Application

CLK

CLK

Note that if the XTAL is removed from this circuit, the amplifier
acts like a clock driver. This allows the flexbility of employing an
external clock or providing an oscillator at the pins of the chip.
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XTAL Tempco

The thickness has tempco t ∼ 14ppm/◦C leading to a variation
in frequency with temperature. If we cut the XTAL in certain
orientations (“AT-cut”) so that the tempco of velocity cancels
tempco of t, the overall tempco is minimized and a frequency
stability as good as f0 ∼ 0.6ppm/◦C is possible.

Note that 1sec/mo = 0.4ppm! Or this corresponds to only 0.4Hz
in 1MHz.

This change in thickness for 0.4ppm is only
δt = 0.4 × 10−6 × t0 = 0.4 × 10−6 × 10−3m = 4 × 10−10. That’s
about 2 atoms!

The smallest form factors available today’s AT-cut crystals are
2×1.6 mm2 in the frequency range of 24-54 MHz are available.
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OCXO

−55◦C 25◦C 125◦C

15ppm

∆f

f

15ppm

The typical temperature
variation of the XTAL is
shown. The variation is
minimized at room temper-
ature by design but can be
as large as 15ppm at the
extreme ranges.

To minimize the temperature variation, the XTAL can be placed
in an oven to form an Oven Compensated XTAL Oscillator, or
OCXO. This requires about a cubic inch of volume but can
result in extremely stable oscillator. OCXO ∼ 0.01ppm/◦C.
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TCXO

analog

or digital

In many applications an oven is not practical. A Temperature
Compenstated XTAL Oscillator, or TCXO, uses external
capacitors to “pull” or “push” the resonant frequency. The
external capacitors can be made with a varactor.

This means that a control circuit must estimate the operating
temperature, and then use a pre-programmed table to generate
the right voltage to compensate for the XTAL shift.

This scheme can acheive as low as TCXO ∼ 0.05ppm/◦C.

Many inexpensive parts use a DCXO, or a
digitally-compensated crystal oscillator, to eliminate the TCXO.
Often a simple calibration procedure is used to set the XTAL
frequency to within the desired range and a simple look-up table
is used to adjust it.

A Programmable Crystal Oscillator (PCXO) is a combined PLL
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XTAL Below ωs

C0 + Cx

ωs

jXc =
1

jωCeff

=
1

ωC0

||

(
1

jωCx

+ jωLx

)

=
1

jωC0

||
1

jωCx

(
1 − ω2LxCx

)

Below series resonance, the equivalent circuit for the XTAL is a
capacitor is easily derived.

The effective capacitance is given by

Ceff = C0 +
Cx

1 −
(

ω
ωs

)2
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XTAL Inductive Region

Leff

ωs ωp

Past series resonance, the XTAL reactance is inductive

jXc = jωLeff =
1

jωC0

||jωLx

(

1 −
(ωs

ω

)2
)

The XTAL displays Leff from 0 → ∞H in the range from
ωs → ωp.

Thus for any C, the XTAL will resonate somewhere in this
range.
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Inductive Region Frequency Range

We can solve for the frequency range of (ωs, ωp) using the
following equation

jωpLeff =
1

jωpC0

||jωpLx

(

1 −

(
ωs

ωp

)2
)

...

ωp

ωs

=

√

1 +
Cx

C0

Example: Cx = 0.04pF and C0 = 4pF Since C0 ≫ Cx, the
frequency range is very tight

ωp

ωs

= 1.005
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XTAL Losses

Leff

C1

C2
vi ro R

′

L

︸︷︷︸

XTAL Loss

RB

Bias

Consider now the series losses in the XTAL. Let X1 = −1/(ωC1)
and X2 = −1/(ωC2), and jXc = jωLeff . Then the impedance
Z ′

L is given by

Z ′
L =

jX1(Rx + jXc + jX2)

Rx + (jXc + jX1 + jX2)
︸ ︷︷ ︸

≡0 at resonance
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Reflected Losses

It follows therefore that jXc + jX2 = −jX1 at resonance and so

Z ′
L =

jX1(Rx − jX1)

Rx

= (X1 + jRx)
X1

Rx

Since the Q is extremely high, it’s reasonable to assume that
Xc ≫ Rx and thus X1 + X2 ≫ Rx, and if these reactances are
on the same order of magnitude, then X1 ≫ Rx. Then

Z ′
L ≈

X2

1

Rx

This is the XTAL loss reflected to the output of the oscillator.
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Losses at Overtones

Since X1 gets smaller for higher ω, the shunt loss reflected to
the output from the overtones gets smaller (more loading).

The loop gain is therefore lower at the overtones compared to
the fundamental in a Pierce oscillator.

For a good design, we ensure that Aℓ < 1 for all overtones so
that only the dominate mode oscillates.
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XTAL Oscillator Design

The design of a XTAL oscillator is very similar to a normal
oscillator. Use the XTAL instead of an inductor and reflect all
losses to the output.

Aℓ = gmRL

C1

C2

RL = R′
L||RB ||ro|| · · ·

For the steady-state, simply use the fact that GmRL
C1

C2

= 1, or
Gm/gm = 1/Aℓ.
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XTAL Oscillator Simulation

For a second order system, the poles are placed on the circle of
radius ω0. Since the envelope of a small perturbation grows like

v0(t) = Keσ1t cos ω0t

where σ1 = 1/τ and τ = Q
ω0

2

Aℓ−1
.

For example if Aℓ = 3, τ = Q
ω0

. That means that if Q ∼ 106, about
a million cycles of simulation are necessary for the amplitude of
oscillation to grow by a factor of e ≈ 2.71!
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PSS/HB versus TRAN

Since this can result in a very time consuming transient (TRAN)
simulation in SPICE, you can artifically de-Q the tank to a value
of Q ∼ 10 − 100. Use the same value of Rx but adjust the values
of Cx and Lx to give the right ω0 but low Q.

Alternatively, if PSS or harmonic balance (HB) are employed,
the steady-state solution is found directly avoiding the start-up
transient.

Transient assisted HB and other techniques are described in the
ADS documentation.
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Series Resonance XTAL

C1

C2

RB

Q1 Q2

RTLT
Note that the
LCR tank is a low
Q(3 − 20) tuned to
the approximate de-
sired fundamental
frequency of the
XTAL (or overtone).

The actual frequency selectivity comes from the XTAL, not the
LCR circuit. The LCR loaded Q at resonance is given by the
reflected losses at the tank

R′
T = RT ||n

2(Rx + R′
B) R′

B = RB ||Ri|DP
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Series XTAL Loop Gain

At resonance, the loop gain is given by

Aℓ = GmR′
T

C1

C1 + C2

R′
B

R′
B + Rx

The last term is the resistive divider at the base of Q1 formed by
the XTAL and the biasing resistor.

In general, the loop gain is given by

Aℓ = GmZT (jω)
C1

C1 + C2
︸ ︷︷ ︸

Aℓ,1

R′
B

R′
B + Zx(jω)

︸ ︷︷ ︸

Aℓ,2

The first term Aℓ,1 is not very frequency selective due to the low
Q tank. But Aℓ,2 changes rapidly with frequency.
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Series XTAL Fundametal Mode

ω0 3ω0 5ω0
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-
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3 5

1
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Mode

In this case the low Q tank selects the fundamental mode and
the loop gain at all overtones is less than unity.
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Series XTAL Overtone Mode

ω0 3ω0 5ω0

Al

Aℓ,1Aℓ,2

ω0 3ω0 5ω0

Al

-

lA < 1

3 5

1

Overtone

Mode

lA < 1

In this case the low Q tank selects a 3ω0 overtone mode and the
loop gain at all other overtones is less than unity. The loop gain
at the fundamental is likewise less than unity.
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Frequency Synthesis

LO (~ GHz)

XTAL (~ MHz)

For communication systems we need precise frequency
references, stable over temperature and process, with low
phase noise. We also need to generate different frequencies
“quickly” to tune to different channels.

XTAL’s are excellent references but they are at lower
frequencies (say below 200MHz) and fixed in frequency. How do
we synthesize an RF and variable version of the XTAL?
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PLL Frequency Synthesis

PFD 

÷N 

CP 
Loop 

Filter 

UP 

DN 
LO 

XTAL Reference

Phase/Frequency

Detector

Frequency

Divider

This is a “phase locked loop” frequency synthesizer. The stable
XTAL is used as a reference. The output of a VCO is phase
locked ot this stable reference by dividing the VCO frequency to
the same frequency as the reference.

The phase detector detects the phase difference and generates
an error signal. The loop filter thus will force phase equality if
the feedback loop is stable.
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Why replace XTAL Resonators?

• XTAL resonators have excellent performance in 
terms of quality factor (Q ~ 100,000), temperature 
stability (< 1 ppm/C), and good power handling 
capability (more on this later)

• The only downside is that these devices are bulky and 
thick, and many emerging applications require much 
smaller form factors, especially in thickness (flexible 
electronics is a good example)

• MEMS resonators have also demonstrated high Q and 
Si integration (very small size) ... are they the solution 
we seek?

• Wireless communication specs are very difficult:
• GSM requires -130 dBc/Hz at 1 kHz from a 13 MHz oscillator

• -150 dBc/Hz for far away offsets
2
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Business Opportunity

• XTAL oscillators is a $4B market.  Even capturing a 
small chunk of this pie is a lot of money.

• This has propelled many start-ups into this arena 
(SiTime, SiClocks, Discera) as well as new approaches 
to the problem (compensated LC oscillators) by 
companies such as Mobius and Silicon Labs

• Another observation is that many products in the 
market are programmable oscillators/timing chips that 
include the PLL in the package.  

• As we shall see, a MEMS resonator does not make 
sense in a stand-alone application (temp stability), but 
if an all Si MEMS based PLL chip can be realized, it can 
compete in this segment of the market

3
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Series Resonant Oscillator
• The motional resistance of 

MEMS resonators is quite 
large (typically koms 
compared to ohms for XTAL) 
and depends on the fourth 
power of gap spacing

• This limits the power handling 
capability

• Also, in order not to de-Q the 
tank, an amplifier with low 
input/output impedance is 
required.  A trans-resistance 
amplifier is often used

4
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Fig. 1. General topology for a series-resonant oscillator.

Unfortunately, a recently demonstrated 10-MHz oscillator
using a variant of the above CC-beam resonator together
with an off-the-shelf amplifier exhibits a phase noise of only

80 dBc/Hz at 1-kHz carrier offset, and 116 dBc/Hz at
far-from-carrier offsets [10]—inadequate values caused mainly
by the insufficient power-handling ability of the CC-beam
micromechanical resonator device used [22].

This work demonstrates the impact of micromechanical
resonator power handling and on oscillator performance
by assessing the performance of an oscillator comprised of
a custom-designed sustaining transresistance amplifier IC
together with three different capacitively transduced microme-
chanical resonators: a 10-MHz CC-beam similar to that in
[10], a 10-MHz wide-width CC-beam with a 5 wider width
for higher power handling; and a 60-MHz wine glass disk
resonator with a 10 higher power handling capability than
the wide-width CC-beam, a comparable series motional re-
sistance, and a 45 higher of 48 000. The combination
of the wine glass micromechanical disk resonator with the
custom-IC CMOS transresistance sustaining amplifier yields
a 60-MHz reference oscillator that achieves a phase noise
density of 110 dBc/Hz at 1-kHz offset from the carrier, and

132 dBc/Hz at far-from-carrier offsets, while consuming
only 350 W of amplifier power, which is substantially lower
than the milliwatts typically needed by the quartz crystal os-
cillators presently used in cellular telephones. Dividing down
to 10 MHz for fair comparison, these values correspond to

125 dBc/Hz at 1-kHz offset from a 10-MHz carrier, and an
effective 147 dBc/Hz far-from-carrier value. These values
nearly satisfy or already satisfy (for some renditions) the
reference oscillator specifications for wireless handsets. This,
together with the potential for single-chip integration via any of
several already demonstrated processes [21], [23], [24], [25],
makes the micromechanical resonator oscillator of this work
an attractive on-chip replacement for quartz crystal reference
oscillators in communications and other applications.

II. OSCILLATOR DESIGN TRADEOFFS: VERSUS

POWER HANDLING

Fig. 1 presents the top-level schematic of the oscillator circuit
used in this work, where the micromechanical resonator is rep-
resented by an equivalent series LCR circuit to be specified later.
As shown, a series resonant configuration is used, employing a

transresistance sustaining amplifier in order to better accommo-
date the somewhat large motional resistance , on the order
of several k , exhibited by some of the micromechanical res-
onators to be used. Here, the use of a transresistance amplifier
with small input and output resistances effectively imposes a
smaller load on the series resonator, allowing it to retain its very
large . The conditions required for sustained oscillation can
be stated as follows.

1) The gain of the transresistance sustaining amplifier
should be larger than the sum of the micromechanical res-
onator’s motional resistance, plus the input and output re-
sistances of the sustaining amplifier, and any other sources
of loss in the feedback loop, i.e.,

(1)

where is the total resistance that can consume power
within the oscillation loop. In essence, this criterion states
that the loop gain must be greater
than 1. At start-up, a loop gain of 3 or greater is recom-
mended to insure oscillation growth, even in the face of
process variations.

2) The total phase shift around the closed positive feedback
loop must be 0 . In this series-resonant topology, an ideal
situation exists when both the micromechanical resonator
and transresistance sustaining amplifier have 0 phase
shifts from input to output. In practice, there will be
a finite amplifier phase shift, which can be minimized
by choosing the amplifier bandwidth to be at least 10
greater than the oscillation frequency.

As the oscillation amplitude builds, nonlinearity in either the
sustaining amplifier or the resonator tank reduces or
raises , respectively, until the loop gain equals unity, at
which point the amplitude no longer grows and steady-state
oscillation ensues. As will be seen, unlike quartz crystal os-
cillators, where the oscillation amplitude usually limits via
amplifier nonlinearity, surface-micromachined micromechan-
ical resonator oscillators without automatic level control (ALC)
circuitry generally limit via nonlinearity in the micromechan-
ical resonator [21].

Since the main function of a reference oscillator is to provide
one and only one output frequency , the output sinusoid of
Fig. 1 should ideally be a delta function in the frequency do-
main, as shown in the figure. Given that an oscillator’s output
can be fundamentally modeled as noise filtered by an extremely
high- filter, where the of the resonator tank is effectively
amplified in the positive feedback loop to a value often more
than 10 times its stand-alone value [26], the output can be
very close to a delta function if the initial resonator is large.
However, since the resonator is not infinite, there will still
be output power at frequencies adjacent to . If the power at

(and only at ) is considered the desired output, then this
adjacent “sideband” power is considered unwanted noise. If the
oscillator amplitude is constant (which is generally true for the
case of hard limiting or ALC), then amplitude noise is largely
removed, and half of the total original noise power remains as
phase noise [26].

Ramp ≥ Rx + Ri + Ro = Rtot

LIN et al.: SERIES-RESONANT VHF MICROMECHANICAL RESONATOR REFERENCE OSCILLATORS, IEEE JOURNAL OF SOLID-STATE CIRCUITS, VOL. 39, NO. 12, DECEMBER 2004 
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Zero’th Order Leeson Model

• Using a simple Leeson model, the above expression for 
phase noise is easily derived.

• The insight is that while MEMS resonators have excellent 
Q’s, their power handling capability will ultimately limit 
the performance.  

• Typically MEMS resonators amp limit based on the non-
linearity of the resonator rather than the electronic non-
linearities, limiting the amplitude of the oscillator

5

L {fm} =
2kT (1 + FRamp)

Po
·
(

Rtot

Rx

)
·
[
1 +

(
f0

2Ql · fm

)2
]

Ql =
Rx

Rx + Ri + Ro
Q =

Rx

Rtot
Q
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MEMS Resonator Designs 

• Clampled-clamped beam and wine disk resonator are very 
populator.  Equivalent circuits calculated from 
electromechanical properties.

• Structures can be fabricated from polysilicon (typical 
dimensions are small ~ 10 um)

• Electrostatic transduction is used (which requires large 
voltages > 10 V).

6
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TABLE I
RESONATOR DESIGN EQUATION SUMMARY

Fig. 2. Perspective view schematic and equivalent circuit of a CC-beam
micromechanical resonator under a one-port bias and excitation scheme.

is the radian resonance frequency, all other variables are spec-
ified in Fig. 2, and an approximate form for has been

used (with the more accurate, but cumbersome, form given
in Table I). As the frequency of varies through the beam
resonance frequency, the output motional current magnitude
traces out a bandpass biquad frequency spectrum identical to
that exhibited by an LCR circuit, but with a much higher than
normally achievable by room temperature electrical circuits.
Fig. 3 presents the SEM and measured frequency characteristic
(under vacuum) for an 8- m-wide, 20- m-wide-electrode,
10-MHz CC-beam, showing a measured of 3100.

The values of the motional elements in the equivalent circuit
of Fig. 2 are governed by the mass and stiffness of the resonator,
and by the magnitude of electromechanical coupling at its trans-
ducer electrodes. Equations for the elements can be derived by
determining the effective impedance seen looking into the res-
onator port [5], and can be summarized as

(6)

LIN et al.: SERIES-RESONANT VHF MICROMECHANICAL RESONATOR REFERENCE OSCILLATORS, IEEE JOURNAL OF SOLID-STATE CIRCUITS, VOL. 39, NO. 12, DECEMBER 2004 
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CC-Beam Resonator

• This example uses an 8-μm wide beamwidth and a 
20-μm wide electrode.  

• Measurements are performed in vacuum.

• Q ~ 3000 for a frequency of 10 MHz

7
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TABLE I
RESONATOR DESIGN EQUATION SUMMARY

Fig. 2. Perspective view schematic and equivalent circuit of a CC-beam
micromechanical resonator under a one-port bias and excitation scheme.

is the radian resonance frequency, all other variables are spec-
ified in Fig. 2, and an approximate form for has been

used (with the more accurate, but cumbersome, form given
in Table I). As the frequency of varies through the beam
resonance frequency, the output motional current magnitude
traces out a bandpass biquad frequency spectrum identical to
that exhibited by an LCR circuit, but with a much higher than
normally achievable by room temperature electrical circuits.
Fig. 3 presents the SEM and measured frequency characteristic
(under vacuum) for an 8- m-wide, 20- m-wide-electrode,
10-MHz CC-beam, showing a measured of 3100.

The values of the motional elements in the equivalent circuit
of Fig. 2 are governed by the mass and stiffness of the resonator,
and by the magnitude of electromechanical coupling at its trans-
ducer electrodes. Equations for the elements can be derived by
determining the effective impedance seen looking into the res-
onator port [5], and can be summarized as

(6)
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Fig. 3. (a) SEM and (b) frequency characteristic (measured under 20-mtorr
vacuum) for a fabricated CC-beam micromechanical resonator with an
8- m-wide beamwidth and a 20- m-wide electrode.

where and are the effective stiffness and mass
of the resonator beam, respectively, at its midpoint, both given
in Table I, and is the electromechanical coupling factor. The
capacitor represents the static overlap capacitance between
the input electrode and the structure.

Of the elements in the equivalent circuit, the series motional
resistance is perhaps the most important for oscillator
design, since it governs the relationship between and
at resonance, and thereby directly influences the loop gain of
the oscillator system. For the CC-beam resonator of Fig. 2,
the expression for can be further specified approximately
(neglecting beam bending and distributed stiffness [5]) as

(7)

which clearly indicates a strong fourth-power dependence on
the electrode-to-resonator gap spacing, as well as a square-law
dependence on the dc bias voltage .

As already mentioned, the power-handling ability of a mi-
cromechanical resonator greatly influences the phase-noise per-
formance of any oscillator referenced to it. For the case of
an oscillator application, the power handling limit of a mi-
cromechanical resonator is perhaps best specified by the power
running through it when it vibrates at a maximum acceptable
amplitude , which is set either by ALC, or by
the pull-in limit (for which at resonance). Using
(5) and (7), the maximum power that a resonator can
handle can then be expressed approximately by [22]

(8)

where is the effective stiffness of the resonator at its midpoint.
Equation (8) asserts that higher power handling can be attained
with larger values of stiffness and electrode-to-resonator gap
spacing .

The basic CC-beam resonator used in this work is 40 m
long, 2 m thick, and 8 m wide, and with these dimensions,
can handle a maximum power of only 39.7 dBm ( 0.11 W)
when m, V, and nm. In addi-
tion, its series motional resistance under these same conditions

Fig. 4. (a) SEM and (b) frequency characteristic (measured under 20-mtorr
vacuum) for a fabricated wide-width CC-beam micromechanical resonator,
featuring large beam and electrode widths for lower and higher
power-handling ability. Note that the difference in frequency from that of
Fig. 3 comes mainly from the larger electrical stiffness caused by a higher
dc-bias and a larger electrode-to-beam overlap.

is 8.27 k , which is quite large compared with the 50 nor-
mally exhibited by quartz crystals, and which complicates the
design of the sustaining amplifier for an oscillator application.

B. Wide-Width CC-Beam Resonator

One convenient method for reducing and increasing
power handling is to widen the width of the CC-beam [11].
For example, the width of the previous CC-beam can be
increased from 8 to 40 m, while also increasing the elec-
trode width from 20 to 32 m, all without appreciably
changing the resonance frequency, which to first order does
not depend upon and . Equation (7) predicts that an
increase in beamwidth leads to a smaller , mainly due
to a larger electrode-to-resonator overlap area that increases
electromechanical coupling via the capacitive transducer. This,
together with increasing the electrode width to further
increase transducer capacitance, comprises the basic strategy
used for the wide-width CC-beam to achieve an small
enough to allow the use of a single-stage sustaining amplifier
(to be described later).

Increasing also seems to lower the and increase the
effective stiffness of the CC-beam, and according to (7),
this reduces the degree to which is lowered. To illustrate,
Fig. 4 presents the SEM and measured frequency character-
istic (under vacuum) for a 40- m-wide, 32- m-wide-electrode
10-MHz CC-beam, showing a of 1036, which is 3 lower
than exhibited by previous 8- m-wide beams. This reduction
in with increasing beamwidth is believed to arise from in-
creased energy loss through the anchors to the substrate, caused
by increases in CC-beam stiffness and in the size of its anchors.
A direct consequence of the increase in stiffness, governed by
(T 1.5) and (T 1.9), is that the beam pumps harder on its anchors
while vibrating, thereby radiating (i.e., losing) more energy per
cycle into the substrate. The increase in anchor size further ex-
acerbates this energy loss mechanism by creating a better match
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CC-Beam with Better Power Handling

• To increase power handling of the resonator, a wider beam 
width is used [~10X in theory].

• The motional resistance is reduced to 340 ohms (Vp = 
13V)
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Fig. 3. (a) SEM and (b) frequency characteristic (measured under 20-mtorr
vacuum) for a fabricated CC-beam micromechanical resonator with an
8- m-wide beamwidth and a 20- m-wide electrode.

where and are the effective stiffness and mass
of the resonator beam, respectively, at its midpoint, both given
in Table I, and is the electromechanical coupling factor. The
capacitor represents the static overlap capacitance between
the input electrode and the structure.

Of the elements in the equivalent circuit, the series motional
resistance is perhaps the most important for oscillator
design, since it governs the relationship between and
at resonance, and thereby directly influences the loop gain of
the oscillator system. For the CC-beam resonator of Fig. 2,
the expression for can be further specified approximately
(neglecting beam bending and distributed stiffness [5]) as

(7)

which clearly indicates a strong fourth-power dependence on
the electrode-to-resonator gap spacing, as well as a square-law
dependence on the dc bias voltage .

As already mentioned, the power-handling ability of a mi-
cromechanical resonator greatly influences the phase-noise per-
formance of any oscillator referenced to it. For the case of
an oscillator application, the power handling limit of a mi-
cromechanical resonator is perhaps best specified by the power
running through it when it vibrates at a maximum acceptable
amplitude , which is set either by ALC, or by
the pull-in limit (for which at resonance). Using
(5) and (7), the maximum power that a resonator can
handle can then be expressed approximately by [22]

(8)

where is the effective stiffness of the resonator at its midpoint.
Equation (8) asserts that higher power handling can be attained
with larger values of stiffness and electrode-to-resonator gap
spacing .

The basic CC-beam resonator used in this work is 40 m
long, 2 m thick, and 8 m wide, and with these dimensions,
can handle a maximum power of only 39.7 dBm ( 0.11 W)
when m, V, and nm. In addi-
tion, its series motional resistance under these same conditions

Fig. 4. (a) SEM and (b) frequency characteristic (measured under 20-mtorr
vacuum) for a fabricated wide-width CC-beam micromechanical resonator,
featuring large beam and electrode widths for lower and higher
power-handling ability. Note that the difference in frequency from that of
Fig. 3 comes mainly from the larger electrical stiffness caused by a higher
dc-bias and a larger electrode-to-beam overlap.

is 8.27 k , which is quite large compared with the 50 nor-
mally exhibited by quartz crystals, and which complicates the
design of the sustaining amplifier for an oscillator application.

B. Wide-Width CC-Beam Resonator

One convenient method for reducing and increasing
power handling is to widen the width of the CC-beam [11].
For example, the width of the previous CC-beam can be
increased from 8 to 40 m, while also increasing the elec-
trode width from 20 to 32 m, all without appreciably
changing the resonance frequency, which to first order does
not depend upon and . Equation (7) predicts that an
increase in beamwidth leads to a smaller , mainly due
to a larger electrode-to-resonator overlap area that increases
electromechanical coupling via the capacitive transducer. This,
together with increasing the electrode width to further
increase transducer capacitance, comprises the basic strategy
used for the wide-width CC-beam to achieve an small
enough to allow the use of a single-stage sustaining amplifier
(to be described later).

Increasing also seems to lower the and increase the
effective stiffness of the CC-beam, and according to (7),
this reduces the degree to which is lowered. To illustrate,
Fig. 4 presents the SEM and measured frequency character-
istic (under vacuum) for a 40- m-wide, 32- m-wide-electrode
10-MHz CC-beam, showing a of 1036, which is 3 lower
than exhibited by previous 8- m-wide beams. This reduction
in with increasing beamwidth is believed to arise from in-
creased energy loss through the anchors to the substrate, caused
by increases in CC-beam stiffness and in the size of its anchors.
A direct consequence of the increase in stiffness, governed by
(T 1.5) and (T 1.9), is that the beam pumps harder on its anchors
while vibrating, thereby radiating (i.e., losing) more energy per
cycle into the substrate. The increase in anchor size further ex-
acerbates this energy loss mechanism by creating a better match
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Disk Wineglass Resonator

• Intrinsically better power handling capability from a 
wine glass resonator.

• The input/output ports are isolated (actuation versus 
sensing).
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Fig. 5. Measured plots of (a) and (b) series motional resistance , versus
beamwidth for V and 13 V (where m, m,

are fixed), showing a net decrease in , despite a decrease in
.

between the resonator and the substrate, allowing for more effi-
cient energy transfer between the two, hence, lower .

Fortunately, this decrease in is not enough to prevent
decrease, and in fact, still decreases as beamwidth increases.
Fig. 5(a) and (b) presents measured plots of and versus
beamwidth , showing that despite reductions in , the net
effect of beam widening is still a decrease in . In particular,
beam widening has reduced the of a CC-beam resonator
from the 17.5 k (with V) of the 8- m-wide device
described above [10], to now only 340 (with V),
which can be extracted from the height of the frequency spec-
trum shown in Fig. 4(b). It should also be noted that although
the of the CC-beam resonator drops from 3100 to 1036 as a
result of a wider beamwidth, this is still more than two or-
ders of magnitude larger than that achievable by on-chip spiral
inductors, and is still suitable for many wireless applications.

In addition to a lower , and perhaps more importantly, the
use of a wide-width CC-beam provides the additional advantage
of a larger power handling ability, which comes about due to
increased stiffness . In particular, the stiffness of the 40- m-
wide beam used here is 9240 N/m, which is 4.97 larger than
the 1860 N/m of the previous 8- m-wide CC-beam, and which
according to (8), when accounting for decreased , provides a
net 9.06 higher oscillator output power. For the same

V, at which s of 3100 and 1700 are exhibited by the 8- m-
wide and 40- m-wide CC-beams, respectively, this results in a
9.57 dB lower far-from-carrier phase-noise floor for the 40- m-
wide beam.

C. Wine Glass Disk Resonator

Even after widening their beam and electrode widths, the
power handling ability of stand-alone CC-beams is still not suf-
ficient for some of the more stringent specifications, such as for
the far-from-carrier phase noise in the GSM standard. In addi-
tion, for reference oscillator applications, CC-beam microme-
chanical resonators have a frequency range practically limited
to less than 30 MHz, since their s drop dramatically as their
beam lengths shrink. In particular, the increase in anchor losses
with beam stiffness described above become enormous as fre-
quencies rise, to the point where the at 70 MHz drops to only
300 [28]. One solution to this problem that retains the simplicity
of a beam resonator is to support the beam not at its ends, but
at nodal locations, and design the supports so that anchor losses
through the supports are minimized when the beam vibrates in

Fig. 6. (a) Perspective-view schematic of a micromechanical wine glass-mode
disk resonator in a typical two-port bias and excitation configuration. Here,
electrodes labeled A are connected to one another, as are electrodes labeled
B. (b) Wine-glass mode shape simulated via finite element analysis (using
ANSYS). (c) Equivalent LCR circuit model.

a free–free mode shape. Free–free beam micromechanical res-
onators have been successfully demonstrated, one with a fre-
quency of 92 MHz and a of 7450 [29].

Even better performance, however, can be obtained by
abandoning the beam geometry and moving to a disk geom-
etry. In particular, radial-mode disk resonators have recently
been demonstrated with s 10 000 at frequencies exceeding
1.5 GHz, even when operating in air [18]. wine-glass-mode
disks have now been demonstrated at 60 MHz with s on the
order of 145 000 [6], which is the highest yet reported for any
on-chip resonator in the frequency range needed for reference
oscillators. This, together with the much larger stiffness (hence,
higher power handling) of a wine glass disk relative to the
beam-based counterparts previously described, inspires the use
of a wine glass disk for oscillator applications.

As shown in Fig. 6(a), the wine glass disk resonator of this
work consists of a 3- m-thick disk floating above the substrate,
supported by two beams that attach to the disk at quasi-nodal
points [6], which have negligible displacement compared to
other parts of the disk structure when the disk vibrates in
its wine glass mode shape, shown in Fig. 6(b). In this mode
shape, the disk expands along one axis and contracts in the
orthogonal axis. Four electrodes surround the disk with a lateral
electrode-to-disk gap spacing of only 80 nm, made tiny to
maximize capacitive transducer coupling governed by in (6).
Opposing electrodes along a given axis are connected in pairs
as shown in Fig. 6(a) to affect a drive forcing configuration
along the -axis that compresses and expands the disk with the
mode shape of Fig. 6(b), while sensing an oppositely directed
motion along the sense axis . In this configuration, if the -
and -axis electrodes are identically sized, current entering
where the disk compresses (i.e., where in (T 1.16) is
negative), leaves where the disk expands (i.e., where in
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(T 1.16) is positive), giving this device a pass-through nature
at resonance with a 0 phase shift from the -axis (input)
electrode to the -axis (output) electrode.

The two-port nature of this device whereby the input and
output electrodes are physically distinct from the resonator it-
self further allows a bias and excitation configuration devoid of
the bias tee needed in Fig. 2, hence, much more amenable to
on-chip integration. In particular, the applied voltages still con-
sist of a dc bias voltage and an ac input signal , but now

can be directly applied to the resonator itself without the
need for a bias tee to separate ac and dc components. Similar
to the CC-beam, these voltages result in a force proportional to
the product that drives the resonator into the wine glass vi-
bration mode shape when the frequency of matches the wine
glass resonance frequency, given by [30]

(9)

where

(10)

and where is Bessel function of first kind of order ,
is the resonance frequency, is the disk radius, and , ,

and , are the density, Poisson ratio, and Young’s modulus,
respectively, of the disk structural material. Although hidden in
the precision of (9)’s formulation, the resonance frequency of
this wine glass disk is to first order inversely proportional to its
radius . Once vibrating, the dc biased (by ) time-varying
output electrode-to-resonator capacitors generate output cur-
rents governed also by (5) with replaced by ,
and with a frequency response also characteristic of an LCR
circuit. However, the equivalent circuit for this two-port disk,
shown in Fig. 6(c), differs from the one-port circuit of Fig. 2 in
that the electrode-to-resonator capacitor no longer connects
the input to the output, but is rather now shunted to ground
by the dc biased (i.e., ac ground) disk structure. The removal
of from the input-to-output feedthrough path is highly
advantageous for the series resonant oscillator configuration
used in this work, since it better isolates the input from the
output, allowing the majority of the current through the device
to be filtered by its high bandpass biquad transfer function.

Pursuant to attaining a closed form expression for the se-
ries motional resistance , the electrode-to-resonator overlap
area for each of the two ports of the wine glass disk res-
onator is , where and are the radius and thickness of
the disk structure, respectively. Aside from this difference, the

Fig. 7. (a) SEM and (b)–(c) frequency characteristics (measured under
20-mtorr vacuum with different dc bias voltages) of a fabricated 60-MHz wine
glass disk resonator with two support beams.

approximate expression for takes on a similar form to that
of (7), and can be written as

(11)

where is now the effective stiffness of the disk. For a 3- m-
thick, 32- m-radius version of the disk in Fig. 6, dc biased to

V with 80-nm electrode-to-disk gaps and a of
48 000, (11) predicts an of 1.46 k , which is quite reason-
able for oscillator implementation.

Fig. 7(a) shows the SEM of the fabricated 3- m-thick,
64- m-diameter, 60-MHz wine glass disk resonator used in
this work, with a zoom-in view of the 80 nm gap after release.
Fig. 7(b) and (c) present frequency characteristics measured
under a 20-mtorr vacuum, where the device exhibits a of
145 780 with V; and 48 000 with V. From the
height of the peak of the frequency spectrum in Fig. 7(c),
can be extracted to be about 1.5 k , which is very close to the
1.46 k predicted by (11). Although this number is somewhat
higher than exhibited by the wide-width CC-beam resonator, it
is still quite amenable to many oscillator applications.

The key to achieving improvements on the scale above lies
not only in the use of a wine glass disk resonator, but also in the
specific advances applied to its design. In particular, the wine
glass disk of this work differs from that of a previous prototype
[6] in that its thickness has been increased from 1.5 to 3 m
and gap reduced from 100 to 80 nm in order to increase its
power handling and lower its impedance according to (11). In
addition, the number of supports used has been reduced from
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Sustaining Amplifier Design

• Use feedback amplifier to create positive feedback trans-
resistance

• Automatic gain control is used so that the oscillation self-
limits through the electronic non-linearity.  This reduces 
the oscillator amplitude but also helps to reduce 1/f noise 
up-conversion 
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4 to 2, and the support beamwidth has been reduced from 1.5 m
to 1 m, all to decrease energy loss from the disk to the substrate
through the anchors, and thus, maximize the device . Even
with these enhancements, the measured of 1.5 k for the
64 m-diameter 60-MHz wine glass disk with V and

is still larger than the 50 normally exhibited
by off-chip quartz crystals, and thus, in an oscillator application
requires a sustaining amplifier capable of supporting higher tank
impedance.

With the above modifications, the stiffness of this wine glass
disk resonator becomes N/m, which is 71.5 the
9240 N/m of the previous 10-MHz wide-width CC-beam. Ac-
counting for differences in , and , (8) predicts a power
handling capability 10 higher for the wine glass disk. For the
same V, this should result in a 10-dB lower far-from-
carrier phase-noise floor.

IV. SUSTAINING AMPLIFIER DESIGN

To complete the oscillator circuit, a sustaining amplifier cir-
cuit compatible with the comparatively large motional resis-
tance of micromechanical resonators is needed. As mentioned
earlier, and as was done with a previous oscillator [21], a transre-
sistance amplifier in series with the resonator is a logical choice,
since the low input and output resistances and , respec-
tively, of such an amplifier impose relatively small loading on
the resonator, allowing the loaded of the system to be very
close to the large resonator , without sacrificing power transfer
through the loop. Such an amplifier would need to have suffi-
cient gain, per item 1) of Section II; would need to provide a 0
input-to-output phase shift to accommodate the 0 phase shift
of the resonator when operating at series resonance, per item 2)
of Section II; and would need to do all of the above with min-
imal noise and power consumption.

Fig. 8 presents the top-level schematic of the oscillator cir-
cuit used in this work, where the micromechanical resonator
is represented by its equivalent LCR circuit (which in this case
assumes the wine glass disk resonator of Fig. 6). As shown,
a series resonant configuration is indeed used to best accom-
modate the medium-range resistance of the micromechanical
resonator tanks to be used. However, the particular sustaining
amplifier circuit of Fig. 8 differs from previous two-stage cir-
cuits [10], [21] not only in its use of only one gain stage, but
also in that it achieves the needed 0 phase shift for oscil-
lation in only a single stage, which improves both its noise
and bandwidth performance. As shown in the coarse oscillator
schematic of Fig. 8, the sustaining circuit is composed of a fully
balanced differential CMOS op amp hooked in shunt-shunt
feedback on one side, with the output taken from the other.
By taking the output from the other side of the differential
op amp, an additional 180 phase shift is added on top of the
180 shift from the shunt-shunt feedback, resulting in a total
0 phase shift from input to output, while preserving a low
output resistance (due to symmetry) obtained via shunt-shunt
feedback. In the detailed circuit schematic of Fig. 9, transis-
tors – comprise the basic single-stage, differential op
amp, while – constitute a common-mode feedback
circuit that sets its output dc bias point. The MOS resistors

Fig. 8. Top-level circuit schematic of the micromechanical resonator
oscillator of this work. Here, the (wine glass disk) micromechanical resonator
is represented by its equivalent electrical circuit.

Fig. 9. Detailed circuit schematic of the single-stage sustaining transresistance
amplifier of this work, implemented by a fully differential amplifier in a
one-sided shunt-shunt feedback configuration.

and provide resistances and and
serve as shunt-shunt feedback elements that allow control of
the transresistance gain via adjustment of their gate voltages.
The need for two of them will be covered later in Section V
on ALC.

A. Transfer Function

Expressions for the dc transresistance gain, input resistance,
and output resistance, of the sustaining amplifier are as follows:

(12)

(13)

(14)

where is the transconductance of , and are the
output resistance of and , respectively, is MOS re-
sistor value implemented by and , assumed to be
much smaller than the s, and the forms on the far rights as-
sume a large amplifier loop gain . (Note that
this is amplifier loop gain, not oscillator loop gain.) In practice,
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Amplifier Details

• Single-stage amplifier is used to maximize bandwidth.  
Recall that any phase shift through the amplifier 
causes the oscillation frequency to shift (and phase 
noise to degrade)

• Common-mode feedback used to set output voltage.  
Feedback resistance and Amplitude Level Control 
(ALC)  implemented with MOS resistors
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4 to 2, and the support beamwidth has been reduced from 1.5 m
to 1 m, all to decrease energy loss from the disk to the substrate
through the anchors, and thus, maximize the device . Even
with these enhancements, the measured of 1.5 k for the
64 m-diameter 60-MHz wine glass disk with V and

is still larger than the 50 normally exhibited
by off-chip quartz crystals, and thus, in an oscillator application
requires a sustaining amplifier capable of supporting higher tank
impedance.

With the above modifications, the stiffness of this wine glass
disk resonator becomes N/m, which is 71.5 the
9240 N/m of the previous 10-MHz wide-width CC-beam. Ac-
counting for differences in , and , (8) predicts a power
handling capability 10 higher for the wine glass disk. For the
same V, this should result in a 10-dB lower far-from-
carrier phase-noise floor.

IV. SUSTAINING AMPLIFIER DESIGN

To complete the oscillator circuit, a sustaining amplifier cir-
cuit compatible with the comparatively large motional resis-
tance of micromechanical resonators is needed. As mentioned
earlier, and as was done with a previous oscillator [21], a transre-
sistance amplifier in series with the resonator is a logical choice,
since the low input and output resistances and , respec-
tively, of such an amplifier impose relatively small loading on
the resonator, allowing the loaded of the system to be very
close to the large resonator , without sacrificing power transfer
through the loop. Such an amplifier would need to have suffi-
cient gain, per item 1) of Section II; would need to provide a 0
input-to-output phase shift to accommodate the 0 phase shift
of the resonator when operating at series resonance, per item 2)
of Section II; and would need to do all of the above with min-
imal noise and power consumption.

Fig. 8 presents the top-level schematic of the oscillator cir-
cuit used in this work, where the micromechanical resonator
is represented by its equivalent LCR circuit (which in this case
assumes the wine glass disk resonator of Fig. 6). As shown,
a series resonant configuration is indeed used to best accom-
modate the medium-range resistance of the micromechanical
resonator tanks to be used. However, the particular sustaining
amplifier circuit of Fig. 8 differs from previous two-stage cir-
cuits [10], [21] not only in its use of only one gain stage, but
also in that it achieves the needed 0 phase shift for oscil-
lation in only a single stage, which improves both its noise
and bandwidth performance. As shown in the coarse oscillator
schematic of Fig. 8, the sustaining circuit is composed of a fully
balanced differential CMOS op amp hooked in shunt-shunt
feedback on one side, with the output taken from the other.
By taking the output from the other side of the differential
op amp, an additional 180 phase shift is added on top of the
180 shift from the shunt-shunt feedback, resulting in a total
0 phase shift from input to output, while preserving a low
output resistance (due to symmetry) obtained via shunt-shunt
feedback. In the detailed circuit schematic of Fig. 9, transis-
tors – comprise the basic single-stage, differential op
amp, while – constitute a common-mode feedback
circuit that sets its output dc bias point. The MOS resistors

Fig. 8. Top-level circuit schematic of the micromechanical resonator
oscillator of this work. Here, the (wine glass disk) micromechanical resonator
is represented by its equivalent electrical circuit.

Fig. 9. Detailed circuit schematic of the single-stage sustaining transresistance
amplifier of this work, implemented by a fully differential amplifier in a
one-sided shunt-shunt feedback configuration.

and provide resistances and and
serve as shunt-shunt feedback elements that allow control of
the transresistance gain via adjustment of their gate voltages.
The need for two of them will be covered later in Section V
on ALC.

A. Transfer Function

Expressions for the dc transresistance gain, input resistance,
and output resistance, of the sustaining amplifier are as follows:

(12)

(13)

(14)

where is the transconductance of , and are the
output resistance of and , respectively, is MOS re-
sistor value implemented by and , assumed to be
much smaller than the s, and the forms on the far rights as-
sume a large amplifier loop gain . (Note that
this is amplifier loop gain, not oscillator loop gain.) In practice,

LIN et al.: SERIES-RESONANT VHF MICROMECHANICAL RESONATOR REFERENCE OSCILLATORS, IEEE JOURNAL OF SOLID-STATE CIRCUITS, VOL. 39, NO. 12, DECEMBER 2004 

Monday, May 4, 2009



Ali M. Niknejad University of California, Berkeley EECS 142, Lecture 1, Slide:   

Design Equations

• These equations are used to trade-off between power 
and noise in the oscillator.  The device size cannot be 
too large since the bandwidth needs to be about 10X 
the oscillation frequency.
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to 1 m, all to decrease energy loss from the disk to the substrate
through the anchors, and thus, maximize the device . Even
with these enhancements, the measured of 1.5 k for the
64 m-diameter 60-MHz wine glass disk with V and

is still larger than the 50 normally exhibited
by off-chip quartz crystals, and thus, in an oscillator application
requires a sustaining amplifier capable of supporting higher tank
impedance.

With the above modifications, the stiffness of this wine glass
disk resonator becomes N/m, which is 71.5 the
9240 N/m of the previous 10-MHz wide-width CC-beam. Ac-
counting for differences in , and , (8) predicts a power
handling capability 10 higher for the wine glass disk. For the
same V, this should result in a 10-dB lower far-from-
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To complete the oscillator circuit, a sustaining amplifier cir-
cuit compatible with the comparatively large motional resis-
tance of micromechanical resonators is needed. As mentioned
earlier, and as was done with a previous oscillator [21], a transre-
sistance amplifier in series with the resonator is a logical choice,
since the low input and output resistances and , respec-
tively, of such an amplifier impose relatively small loading on
the resonator, allowing the loaded of the system to be very
close to the large resonator , without sacrificing power transfer
through the loop. Such an amplifier would need to have suffi-
cient gain, per item 1) of Section II; would need to provide a 0
input-to-output phase shift to accommodate the 0 phase shift
of the resonator when operating at series resonance, per item 2)
of Section II; and would need to do all of the above with min-
imal noise and power consumption.

Fig. 8 presents the top-level schematic of the oscillator cir-
cuit used in this work, where the micromechanical resonator
is represented by its equivalent LCR circuit (which in this case
assumes the wine glass disk resonator of Fig. 6). As shown,
a series resonant configuration is indeed used to best accom-
modate the medium-range resistance of the micromechanical
resonator tanks to be used. However, the particular sustaining
amplifier circuit of Fig. 8 differs from previous two-stage cir-
cuits [10], [21] not only in its use of only one gain stage, but
also in that it achieves the needed 0 phase shift for oscil-
lation in only a single stage, which improves both its noise
and bandwidth performance. As shown in the coarse oscillator
schematic of Fig. 8, the sustaining circuit is composed of a fully
balanced differential CMOS op amp hooked in shunt-shunt
feedback on one side, with the output taken from the other.
By taking the output from the other side of the differential
op amp, an additional 180 phase shift is added on top of the
180 shift from the shunt-shunt feedback, resulting in a total
0 phase shift from input to output, while preserving a low
output resistance (due to symmetry) obtained via shunt-shunt
feedback. In the detailed circuit schematic of Fig. 9, transis-
tors – comprise the basic single-stage, differential op
amp, while – constitute a common-mode feedback
circuit that sets its output dc bias point. The MOS resistors

Fig. 8. Top-level circuit schematic of the micromechanical resonator
oscillator of this work. Here, the (wine glass disk) micromechanical resonator
is represented by its equivalent electrical circuit.

Fig. 9. Detailed circuit schematic of the single-stage sustaining transresistance
amplifier of this work, implemented by a fully differential amplifier in a
one-sided shunt-shunt feedback configuration.

and provide resistances and and
serve as shunt-shunt feedback elements that allow control of
the transresistance gain via adjustment of their gate voltages.
The need for two of them will be covered later in Section V
on ALC.

A. Transfer Function

Expressions for the dc transresistance gain, input resistance,
and output resistance, of the sustaining amplifier are as follows:

(12)

(13)

(14)

where is the transconductance of , and are the
output resistance of and , respectively, is MOS re-
sistor value implemented by and , assumed to be
much smaller than the s, and the forms on the far rights as-
sume a large amplifier loop gain . (Note that
this is amplifier loop gain, not oscillator loop gain.) In practice,
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(12)–(14) indicate that depends mainly on , while
and depend mainly on the of the input transistors, sug-
gesting that larger input transistor ratios or larger bias cur-
rents can further reduce the input and output resistance, hence,
reduce loading. The latter approach, however, will increase
the power consumption of the amplifier and might disturb the
impedance balance in the loop.

In addition, the use of larger s can impact the 3-dB band-
width of the transresistance amplifier, which as a rule should be
at least 10 the oscillation frequency so that its phase shift at
this frequency is minimal. In particular, as detailed in [31], an
amplifier phase shift close to 0 allows the micromechanical res-
onator to operate at the point of highest slope in its phase versus
frequency curve, which allows it to more effectively suppress
frequency deviations caused by amplifier phase deviations. The
bandwidth of the transresistance amplifier of Fig. 9 is a function
of parasitic capacitance in both the transistors and the microme-
chanical resonator, and is best specified by the full transfer func-
tion for the amplifier

(15)
where

(16)

is the open loop transresistance gain of the base amplifier with
feedback loading, where

(17)

and where is dc voltage gain of the base op amp, and and
are the total parasitic capacitance at the input and output

terminals of the amplifier, respectively, including MOS parasitic
capacitance, pad capacitance, and resonator parasitic capaci-
tance. Equation (15) has the form of a lowpass biquad transfer
function, with a dc gain given in (12), and an
effective bandwidth given by

(18)

From (18), the bandwidth can be increased by decreasing
and , and increasing the gain-bandwidth product of the
amplifier. For best stability, the effective bandwidth should be
chosen to be at least 10 greater than the oscillation frequency.
For a given drain current, this places a limit on how large the

ratio of the input transistors can be made, since grows
faster than with increasing , hence, bandwidth suffers.
Bandwidth needs also constrain to a maximum allowable
value, while loop gain needs set its minimum value.

B. Sustaining Amplifier Noise

In (2), the phase-noise contribution from the sustaining am-
plifier is modeled in the noise factor constant , which can
be expanded into

(19)

where

(20)

where represents the input-referred current noise of the
sustaining amplifier, , and is the input-
referred voltage noise source of the differential op amp, given
by

(21)

where is 2/3 for long-channel devices, and from 2–3 larger
for short-channel devices. In (21), all common mode noise
sources are nulled by the common-mode feedback circuit.
In addition, flicker noise is neglected since the oscillation
frequency is beyond the flicker noise corner, and (2) represents
only an approximate expression that accounts for noise
and white noise at large offsets. (If (2) attempted to include

noise, then transistor flicker noise would need to be
included.)

From (21) noise from this sustaining amplifier improves as
the size of the op amp input transistors and/or their drain cur-
rents increase—the same design changes needed to decrease the
amplifier and , with the same bandwidth-based restric-
tions on input transistor s. For a given resonator and
oscillation frequency , the optimal sustaining amplifier design
that still meets wireless handset specifications for the reference
oscillator can be found by simultaneous solution of (2), (12),
and (18), to obtain the drain current and input transistor s that
minimize the power consumption.

V. ALC

As will be seen, oscillator limiting via resonator nonlin-
earity seems to introduce a phase-noise component that
dominates the close-to-carrier phase noise of micromechanical
resonator oscillators [22]. To remedy this, the oscillator IC of
this work also includes an ALC circuit, shown in Figs. 8–10,
that can insure limiting via electronic methods, rather than
by mechanical resonator nonlinearity. This circuit consists of
an envelope detector that effectively measures the oscillation
amplitude, followed by a comparator that compares the am-
plitude with a reference value , then feeds back a voltage
proportional to their difference to the gate of the gain-con-
trolling MOS resistor so as to match the oscillation
amplitude to . In this scheme, since the resistance of
is very large at the start of oscillation, another MOS resistor

is placed in parallel with and biased to a channel
resistance value equal to , which realizes a loop gain
greater than 3, and thereby insures oscillation start-up once
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earity seems to introduce a phase-noise component that
dominates the close-to-carrier phase noise of micromechanical
resonator oscillators [22]. To remedy this, the oscillator IC of
this work also includes an ALC circuit, shown in Figs. 8–10,
that can insure limiting via electronic methods, rather than
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Fig. 10. (a) Top-level and (b) detailed circuit schematics of the ALC circuit.

power is applied. As the amplitude of oscillation grows and
the ALC reduces ’s channel resistance to below that
of , then dictates the total shunt-shunt feedback
resistance of the sustaining amplifier.

The envelope detector in Fig. 10 [32] combines a classic
op amp-based precision peak rectifier design using an MOS
diode in its feedback path, with a capacitive peak sampler

, and a bleed current source (implemented by )
with values of 1 pF and 0.1 A, respectively, chosen to track
an oscillator output with an assumed maximum peak-to-peak
variation of V/s. In this circuit, when the input voltage
is larger than the capacitor voltage, , is ON and forces

to equal to . On the other hand, when ,
is OFF, allowing to hold against the bleed current of

, which discharges at the rate of V/s.
To attenuate the ripple at the envelope detector output, the

bandwidth of the subsequent comparator is purposely limited by
implementing it via a two-stage op amp compensated heavily to
generate a low frequency dominant pole. A 1-pF compensation
capacitor is sufficient to split the poles to 83 kHz and 109 MHz,
which provides more than 61 of phase margin, and more im-
portantly, attenuates the 10 MHz ripple by 41.6 dB.

VI. EXPERIMENTAL RESULTS

Standard and wide-width micromechanical CC-beam res-
onators, such as in Figs. 3 and 4, with cross sections as
shown in Fig. 11(a), were fabricated using a small vertical gap
polysilicon surface-micromachining process previously used to
achieve HF micromechanical filters [5]. Micromechanical wine
glass disk resonators, such as in Fig. 7, with cross sections as in
Fig. 11(b), were fabricated via a three-polysilicon self-aligned
stem process used previously to achieve disk resonators with

Fig. 11. Final cross-section views of the fabricated (a) CC-beam resonator and
(b) wine glass disk resonator.

tiny lateral electrode-to-resonator gaps [6], [17]. Table II sum-
marizes the three resonator designs used in the oscillators of
this work.

Fig. 12 presents a photo of the amplifier IC, which was fab-
ricated in TSMC’s 0.35- m process. As shown, the transre-
sistance amplifier lies in the upper mid section, close to the
input and output terminals of the chip. The envelope detector
and the comparator of the ALC circuit sit adjacent to the am-
plifier, with their 1-pF capacitors clearly visible. The total IC
chip area is about m m, which together with
the m m required for the CC-beam resonator, the

m m required for the wide-width CC-beam res-
onator, or the m m required for the wine glass disk
resonator, yields (to the author’s knowledge) the smallest foot-
print to date for any high reference oscillator in this frequency
range. Tables II and III summarize the design and performance
of the overall oscillator circuit.

Interconnections between the IC and MEMS chips were
made via wire bonding, and testing was done under vacuum
to preserve the high of the micromechanical resonators.
Fig. 13 presents the measured open-loop gain of the 10-MHz
wide-width CC-beam oscillator at various input power levels,
showing a spring-softening Duffing nonlinearity that likely con-
tributes to limiting of the oscillation amplitude when the ALC
is not engaged. The open loop gain is measured by breaking the
oscillator feedback loop at the input electrode of the CC-beam,
applying an ac signal to this electrode, and measuring the output
power of the transresistance amplifier by directing it through
a buffer, then into an HP 4194A Impedance/Gain-Phase An-
alyzer capable of both forward and reverse frequency sweeps
to correctly extract peak values in Duffing-distorted curves.
As shown in Fig. 13, as the input power increases, the peaks
become smaller, clearly indicating a decrease in open loop
gain. Extracting from these peaks and plotting it versus the
corresponding input powers yields the curves of Fig. 14, where

is seen to increase faster as the input power increases. For
this particular resonator, the value of crosses a value equal
to the transresistance amplifier gain (set by k ), at
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linearity
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Fig. 14. Extracted from the peaks shown in Fig. 13 versus their
corresponding input power. The is also derived from
the curve and compared with for a typical case to illustrate
graphical determination of the steady-state oscillation amplitude.

Fig. 15. Measured steady-state Fourier spectra and oscilloscope waveforms
for (a) the 10-MHz 8- m-wide CC-beam resonator oscillator; (b) the 10-MHz
40- m-wide CC-beam resonator oscillator; and (c) the 60-MHz wine glass disk
resonator oscillator. All data in this figure are for the oscillators with ALC
disengaged.

wine glass disk design when it comes to power handling. Ac-
counting for the corresponding series motional resistances and
output current of each resonator, the corresponding operating
powers for each measured amplitude
are 0.061 W, 0.405 W, and 3.44 W. Thus, widening a
10-MHz CC-beam from 8- m-wide to 40- m-wide provides
a 6.64 increase in oscillator steady-state power, which is at
least consistent with factors given in Section III (but not the
same, since the ones in Section III were based on maximum
power handling). On the other hand, replacing the wide-width

Fig. 16. Phase-noise density versus carrier offset frequency plots for (a) the
10-MHz 8- m-wide CC-beam resonator oscillator; (b) the 10-MHz 40- m-wide
CC-beam resonator oscillator; and (c) the 60-MHz wine glass disk resonator
oscillator. All were measured using an HP E5500 Phase Noise Measurement
System. The dotted line is the phase-noise prediction by (2) and (19).

CC-beam entirely by a 60-MHz wine glass resonator yields an
8.49 increase, again consistent with Section III.

The practical impact of the progressively larger power
handlings among the resonators is clearly shown in the phase
noise versus carrier offset frequency plots of Fig. 16(a)–(c) for
the 8- m-wide 10-MHz CC-beam, the 40- m-wide 10-MHz
CC-beam, and the 60-MHz wine glass disk, respectively.
The far-from-carrier phase-noise levels of 116 dBc/Hz,

120 dBc/Hz, and 132 dBc/Hz, respectively, are close to
the predicted values of 118.1 dBc/Hz, 123.6 dBc/Hz, and

134.5 dBc/ Hz, using (2) and (19). For fair comparison,
the value for the 60-MHz wine glass disk oscillator becomes

147 dBc/Hz when divided down to 10 MHz, which practically
(if not strictly) satisfies the GSM specification.

The close-to-carrier phase noise, on the other hand, looks
nothing like the expectation of (2). In particular, rather than
the expected component, a larger-than-expected
component is observed that masks the . The observed
component is substantially larger than predicted by first-order
expressions that assume an aliasing mechanism for noise,
whereby amplifier noise aliases via micromechanical
resonator transducer nonlinearity into the oscillator passband
and noise is generated via filtering through the resonator
transfer function [22]. Other formulations for noise based
on resonator frequency dependence on the dc bias voltage
[22] also do not correctly predict the magnitude of this noise
component.
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TABLE II
RESONATOR DATA SUMMARY

Fig. 12. Photo of the sustaining transresistance amplifier IC fabricated in
TSMCs 0.35- m CMOS process.

which point the loop gain of an oscillator would drop to 0 dB,
the oscillation amplitude would stop growing, and steady-state
oscillation would ensue. Although the plot of Fig. 13 seems
to imply that Duffing nonlinearity might be behind motional
resistance increases with amplitude, it is more likely that de-
creases in or with amplitude are more responsible
[21], since Duffing is a stiffness nonlinearity, and stiffness (like
inductance or capacitance) is a nondissipative property.

Oscillators with the ALC loop of Fig. 10 disengaged were
tested first. Fig. 15 presents spectrum analyzer plots and oscil-
loscope waveforms for oscillators with ALC disengaged using

TABLE III
OSCILLATOR DATA SUMMARY

Fig. 13. Measured open-loop gain of the 10-MHz wide-width CC-beam
oscillator circuit under increasing input signal amplitudes. These curves were
taken via a network analyzer sweeping down in frequency (i.e., from higher to
lower frequency along the -axis).

each of the three resonator designs summarized in Table I.
Fig. 16 presents plots of phase-noise density versus offset from
the carrier frequency for each oscillator, measured by directing
the output signal of the oscillator into an HP E5500 Phase
Noise Measurement System.

A quick comparison of the oscilloscope waveforms of
Fig. 15(a)–(c), which shows steady-state oscillation ampli-
tudes of 42 mV, 90 mV, and 200 mV, for the 8- m-wide
10-MHz CC-beam, the 40- m-wide 10-MHz CC-beam, and
the 60-MHz wine glass disk, respectively, clearly verifies the
utility of wide-CC-beam design and the superiority of the
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d;='@@.?7<;%->9@75'(3%,/01'#"23&#043'#$&%"5%<-;7(.?7<%?.(A;)%

:78-F-<)%-(=4>Q-<-/%Q5%.%;>.@@-<%978-<%:.(/@'(3%.Q'@'?5)%/7%

(7?% ]4'?-% 5-?% ;.?';N5% _*G% ;9-=;% bSc% 7F-<% .@@% =.<<'-<% 7NN;-?;"%

Z-?8--(% *dC#% .(/% ;4<N.=-#>'=<7>.=:'('(3)% ?:-% @.??-<% ';% 9-<#

:.9;%>7<-%.??<.=?'F-)%;'(=-%'?%.F7'/;%:'3:#.;9-=?%<.?'7;%.(/%:.;%

.%>7<-%;4==-;;N4@%9@.(.<%'(?-3<.?'7(%:';?7<5%bUcbHc"%

g4<;4.(?%?7%.??.'('(3%_*G%<-N-<-(=-%7;='@@.?7<%9:.;-%(7';-%

;9-=;%4;'(3%.%,/01'#"23&#043'#$&%"5%<-;7(.?7<%?.(A)%?:';%87<A%

N'<;?% <-=73('\-;% ?:.?% 9:.;-% (7';-% ';% '(F-<;-@5% 9<797<?'7(.@% ?7%

<-;7(.?7<% ?.(A% 978-<% :.(/@'(3% bVch% ?:-(% 9<7=--/;% ?7% @78-<%

9:.;-%(7';-%Q5%=749@'(3%;-F-<.@%>'=<7>-=:.('=.@%/';A%<-;7(.#

?7<;% '(?7%>-=:.('=.@% .<<.5;% ?:.?% ?:-(% .4?7>.?'=.@@5%>.?=:%49%

?:-%'(/'F'/4.@%<-;7(.?7<%N<-]4-(='-;%.(/%=7>Q'(-%?:-'<%74?94?;%

?7%;'3('N'=.(?@5%<.';-%?:-%7F-<.@@%6=7>97;'?-B%<-;7(.?7<%978-<%

:.(/@'(3"%1:';% '(=<-.;-% '(% 978-<% :.(/@'(3% @-./;% ?7% 7;='@@.?7<%

9:.;-% (7';-% '>9<7F->-(?;% 7N% 49% ?7% SU% /Z% .?% =@7;-#?7#=.<<'-<%

7NN;-?;)%.(/%5'-@/;%.(%7F-<.@@%9:.;-%(7';-%9@7?%?:.?%:.(/'@5%;4<#

9.;;-;%_*G%;9-=;"%P;%8'@@%Q-%;:78()%>4=:%7N%?:';%<.?:-<%@.<3-%

'>9<7F->-(?%.=?4.@@5%/-<'F-;%N<7>%.%<->7F.@%7N%?:-%S 1̂U%=@7;-#

?7#=.<<'-<% (7';-% ?:.?% Q-N7<-% (78% :./% 3<-.?@5% @'>'?-/% ?:-% 9-<#

N7<>.(=-%7N%>'=<7>-=:.('=.@%<-;7(.?7<%7;='@@.?7<;"%

II. WINE-GLASS DISK ARRAY RESONATOR 

W'3"% S% 9<-;-(?;% ?:-% 9-<;9-=?'F-#F'-8% ;=:->.?'=% 7N% .% U#

<-;7(.?7<%F-<;'7(%7N% ?:-%8'(-#3@.;;%/';A#.<<.5% <-;7(.?7<%4;-/%

?7% <.';-% 978-<% :.(/@'(3% '(% ?:';%87<A)% ?73-?:-<%8'?:% .% ?59'=.@%

?87#97<?%Q'.;%.(/%-i='?.?'7(%;=:->-)%.(/%.(%-]4'F.@-(?%-@-=?<'#

=.@%>7/-@"%[-<-)%?:<--%e7<%>7<-f%8'(-#3@.;;%/';A;)%-.=:%'/-(?'#

=.@@5%/-;'3(-/%?7%VK%G[\)%.<-%=749@-/%>-=:.('=.@@5%Q5%S!>#

8'/-)% :.@N#8.F-@-(3?:% =749@'(3%Q-.>;% =7((-=?'(3% -.=:% ./j.#

=-(?%<-;7(.?7<%?7%7(-%.(7?:-<%.?%:'3:#F-@7='?5%@7=.?'7(;"%
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W'3"%ST%g-<;9-=?'F-#F'-8%;=:->.?'=%7N%.%>4@?'%e?:<--f%8'(-#3@.;;%/';A%>'=<7#

>-=:.('=.@%<-;7(.?7<%.<<.5"%1:-%-@-=?<'=.@%-]4'F.@-(?%='<=4'?%N7<%?:-%<-;7(.?7<%

';%;:78(%?7%?:-%Q7??7>%<'3:?"%
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W'3"%JT%P2*!*% ;'>4@.?-/% >7/-% ;:.9-;% N7<% .% >-=:.('=.@@5% =749@-/% ?:<--%

8'(-#3@.;;%/';A%>'=<7>-=:.('=.@%<-;7(.?7<%.<<.5"%

%
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1
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IV. EXPERIMENTAL RESULTS 

$'(-#3@.;;% /';A% .<<.5% <-;7(.?7<;% 8-<-% N.O<'=.?-/% F'.% .%

?:<--#97@5;'@'=7(%;-@N#.@'3(-/%;?->%9<7=-;;%4;-/%9<-F'74;@5%?7%

.=:'-F-% /';A% <-;7(.?7<;% PMQ"% R'3"% H% 9<-;-(?;% *DGS;% 7N% N.O<'#

=.?-/%TK#GUV%8'(-#3@.;;%/';A%.<<.5;%8'?:%F.<5'(3%(4>O-<;%7N%

=749@-/%<-;7(.?7<;)%-.=:%;4997<?-/%O5%7(@5%?87%;4997<?%O-.>;"%

R'3"%T%9<-;-(?;%>-.;4<-/% N<-W4-(=5% ;9-=?<.% N7<% .% ;?.(/#.@7(-%

8'(-#3@.;;%/';A%<-;7(.?7<%?73-?:-<%8'?:%<-;7(.?7<%.<<.5;%4;'(3%

X)%H)%.(/%M%<-;7(.?7<;%>-=:.('=.@@5%=749@-/%8'?:%7(-%.(7?:-<"%

Y@?:743:% ?:-% ;'(3@-% <-;7(.?7<% .=:'-F-;% ?:-% :'3:-;?% .% 7N%

ZTZ)KKK)%?:-%.<<.5%.S;%.<-%;?'@@%.@@%3<-.?-<%?:.(%ZZH)KKK"%

R<7>%?:-%9-.A%:-'3:?;)%/0%[8'?:%12%\%I%]^%=.(%O-%-_?<.=?-/%

?7%O-%ZZ"IX%A!)% T"X`%A!)%`"K`%A!)% .(/%J"HT%A!)% N7<%Z)%X)%H)%

.(/%M% <-;7(.?7<% .<<.5;)% <-;9-=?'F-@5"%1:-%>-.;4<-/%/0% <-/4=#

?'7(% N.=?7<;%7N%Z"LH)% J"MK)% .(/%`"HL)% .=?4.@@5% N.@@% ;:7<?%7N% ?:-%

-_9-=?-/%X)%H)%.(/%M)%<-;9-=?'F-@5%['"-")%?:-%(4>O-<%7N%?:-%<-;7#

(.?7<;% '(% ?:-% .<<.5^"% Y@?:743:% /'NN-<-(=-;% '(% .% =7(?<'O4?-%

;7>-8:.?% ?7% ?:-% @78-<%>4@?'9@'=.?'7(% N.=?7<)% ?:-%>.'(%=4@9<'?%

:-<-% ';% ?:-%(--/% ?7% ;9@'?% ?:-%-@-=?<7/-;%O-?8--(% <-;7(.?7<;% '(%

7</-<%?7%.F7'/%=749@'(3%O-.>;%@7=.?-/%.?%:'3:%F-@7='?5%97'(?;%

[="N")%R'3"%Z^"%*'(=-%?:-%=749@'(3%O-.>;%.??.=:%.?%:'3:%F-@7='?5%

97'(?;)% ?:-% -@-=?<7/-;% O-?8--(% <-;7(.?7<;% >4;?% O-% ;9@'?% .(/%

<->7F-/%.?%:'3:%F-@7='?5%97'(?;%8:-<-%?:-%=4<<-(?%874@/%7?:#

-<8';-%:.F-%O--(%?:-%@.<3-;?"%1:';%3<-.?@5%<-/4=-;%?:-%=4<<-(?%

=7(?<'O4?'7(% N<7>%;4=:% '((-<%-@-=?<7/-;)% ?:-<-O5%<-/4='(3% ?:-%

N.=?7<% O5% 8:'=:% ?:-% >7?'7(.@% <-;';?.(=-% ';% @78-<-/"% Y% >7<-%

/-?.'@-/% /-?-<>'(.?'7(% 7N%/0% 4;'(3% F-@7='?5% '(?-3<.?'7(% 7F-<%

-.=:%-@-=?<7/-%[-"3")%.;%/7(-%'(%PZKQ^%5'-@/;%<-/4=?'7(%<.?'7;%7N%

Z"L`)%J"LH)% .(/%`"M`)% N7<% ?:-%X)% H)% .(/%M% <-;7(.?7<% .<<.5;)% <-#

;9-=?'F-@5)%8:'=:%(78%>.?=:%?:-%>-.;4<-/%F.@4-;"%

27?-% ?:.?% ?:-% ;W4.<-% <-;7(.?7<;%7N% PIQ%/'/%(7?% ;4NN-<% N<7>%

?:-% .O7F-%9<7O@->)% ;'(=-% ?:-'<% =749@'(3%O-.>;%/'/%(7?% '(?-<#

N-<-%8'?:%?:-'<%-@-=?<7/-;"%a(-%<->-/5%?7%?:-%9<7O@->%N7<%/';A%

<-;7(.?7<;% ';% ?7%=749@-% ?:-%/';A;% '(%.% ?:'</%9@.(-%.O7F-% ?:->)%

8:'=:%874@/%A--9%?:-%=749@'(3%O-.>;%=@-.<%7N%?:-%-@-=?<7/-;)%

O4?%.?%?:-%9-(.@?5%7N%.(7?:-<%>.;A'(3%;?-9"%

%17% .;=-<?.'(% :78% -NN-=?'F-@5% 4(8.(?-/%>7/-;% '(% ?:-%>-#

=:.('=.@@5%=749@-/%.<<.5%:.F-%O--(%;499<-;;-/)%R'3"%I%9<-;-(?;%

?:-%N<-W4-(=5%=:.<.=?-<';?'=%N7<%.%H#/';A%.<<.5%>-.;4<-/%7F-<%.%

8'/-%N<-W4-(=5%<.(3-%[JK%GUV^"%U-<-)%7(@5%.%;'(3@-%9-.A%=7<#

<-;97(/'(3%?7%?:-%N'<;?%N'@?-<%>7/-%';%7O;-<F-/)%8:'=:%F-<'N'-;%

?:-%4?'@'?5%7N%:.@N#8.F-@-(3?:%=749@'(3%O-.>%/-;'3(%.(/%-@-=#

?<7/-%9@.=->-(?%'(%-@'>'(.?'(3%4(8.(?-/%>7/-;"%
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R'3"%Hb%*DGS;% 7N% N.O<'=.?-/% 8'(-#3@.;;% /';A% <-;7(.?7<#.<<.5;% 8'?:% F.<5'(3%

(4>O-<;%7N%>-=:.('=.@@5#=749@-/%8'(-#3@.;;%/';A;"%
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R'3"%Tb%G-.;4<-/% N<-W4-(=5% =:.<.=?-<';?'=% N7<% .% N.O<'=.?-/% 8'(-#3@.;;% /';A%

<-;7(.?7<#.<<.5"%
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R'3"%Ib%G-.;4<-/% N<-W4-(=5% ;9-=?<4>% F-<'N5'(3% (7% ;94<'74;% >7/-;% .<74(/%

?:-%/-;'<-/%>7/-%7N%?:-%<-;7(.?7<%.<<.5)%.=:'-F-/%F'.%9<79-<%-@-=?<7/-%-_='?.#

?'7(%.(/%:.@N#8.F-@-(3?:%=749@'(3%O-.>%/-;'3("%

%

%

a;='@@.?7<%E-;'3(%*4>>.<5%

c<7=-;;% 1*G0%K"XH%">%0Ga*%

]7@?.3-%*499@5) #%Z"TH%]%
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G7?'7(.@%
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$'(-#d@.;;%
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%
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Design Summary

• Prototype resonator implemented in a 0.35μm CMOS 
process shows no spurious modes

• Area is still quite resonable compared to a bulky XTAL
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IV. EXPERIMENTAL RESULTS 

$'(-#3@.;;% /';A% .<<.5% <-;7(.?7<;% 8-<-% N.O<'=.?-/% F'.% .%

?:<--#97@5;'@'=7(%;-@N#.@'3(-/%;?->%9<7=-;;%4;-/%9<-F'74;@5%?7%

.=:'-F-% /';A% <-;7(.?7<;% PMQ"% R'3"% H% 9<-;-(?;% *DGS;% 7N% N.O<'#

=.?-/%TK#GUV%8'(-#3@.;;%/';A%.<<.5;%8'?:%F.<5'(3%(4>O-<;%7N%

=749@-/%<-;7(.?7<;)%-.=:%;4997<?-/%O5%7(@5%?87%;4997<?%O-.>;"%

R'3"%T%9<-;-(?;%>-.;4<-/% N<-W4-(=5% ;9-=?<.% N7<% .% ;?.(/#.@7(-%

8'(-#3@.;;%/';A%<-;7(.?7<%?73-?:-<%8'?:%<-;7(.?7<%.<<.5;%4;'(3%

X)%H)%.(/%M%<-;7(.?7<;%>-=:.('=.@@5%=749@-/%8'?:%7(-%.(7?:-<"%

Y@?:743:% ?:-% ;'(3@-% <-;7(.?7<% .=:'-F-;% ?:-% :'3:-;?% .% 7N%

ZTZ)KKK)%?:-%.<<.5%.S;%.<-%;?'@@%.@@%3<-.?-<%?:.(%ZZH)KKK"%

R<7>%?:-%9-.A%:-'3:?;)%/0%[8'?:%12%\%I%]^%=.(%O-%-_?<.=?-/%

?7%O-%ZZ"IX%A!)% T"X`%A!)%`"K`%A!)% .(/%J"HT%A!)% N7<%Z)%X)%H)%

.(/%M% <-;7(.?7<% .<<.5;)% <-;9-=?'F-@5"%1:-%>-.;4<-/%/0% <-/4=#

?'7(% N.=?7<;%7N%Z"LH)% J"MK)% .(/%`"HL)% .=?4.@@5% N.@@% ;:7<?%7N% ?:-%

-_9-=?-/%X)%H)%.(/%M)%<-;9-=?'F-@5%['"-")%?:-%(4>O-<%7N%?:-%<-;7#

(.?7<;% '(% ?:-% .<<.5^"% Y@?:743:% /'NN-<-(=-;% '(% .% =7(?<'O4?-%

;7>-8:.?% ?7% ?:-% @78-<%>4@?'9@'=.?'7(% N.=?7<)% ?:-%>.'(%=4@9<'?%

:-<-% ';% ?:-%(--/% ?7% ;9@'?% ?:-%-@-=?<7/-;%O-?8--(% <-;7(.?7<;% '(%

7</-<%?7%.F7'/%=749@'(3%O-.>;%@7=.?-/%.?%:'3:%F-@7='?5%97'(?;%

[="N")%R'3"%Z^"%*'(=-%?:-%=749@'(3%O-.>;%.??.=:%.?%:'3:%F-@7='?5%

97'(?;)% ?:-% -@-=?<7/-;% O-?8--(% <-;7(.?7<;% >4;?% O-% ;9@'?% .(/%

<->7F-/%.?%:'3:%F-@7='?5%97'(?;%8:-<-%?:-%=4<<-(?%874@/%7?:#

-<8';-%:.F-%O--(%?:-%@.<3-;?"%1:';%3<-.?@5%<-/4=-;%?:-%=4<<-(?%

=7(?<'O4?'7(% N<7>%;4=:% '((-<%-@-=?<7/-;)% ?:-<-O5%<-/4='(3% ?:-%

N.=?7<% O5% 8:'=:% ?:-% >7?'7(.@% <-;';?.(=-% ';% @78-<-/"% Y% >7<-%

/-?.'@-/% /-?-<>'(.?'7(% 7N%/0% 4;'(3% F-@7='?5% '(?-3<.?'7(% 7F-<%

-.=:%-@-=?<7/-%[-"3")%.;%/7(-%'(%PZKQ^%5'-@/;%<-/4=?'7(%<.?'7;%7N%

Z"L`)%J"LH)% .(/%`"M`)% N7<% ?:-%X)% H)% .(/%M% <-;7(.?7<% .<<.5;)% <-#

;9-=?'F-@5)%8:'=:%(78%>.?=:%?:-%>-.;4<-/%F.@4-;"%

27?-% ?:.?% ?:-% ;W4.<-% <-;7(.?7<;%7N% PIQ%/'/%(7?% ;4NN-<% N<7>%

?:-% .O7F-%9<7O@->)% ;'(=-% ?:-'<% =749@'(3%O-.>;%/'/%(7?% '(?-<#

N-<-%8'?:%?:-'<%-@-=?<7/-;"%a(-%<->-/5%?7%?:-%9<7O@->%N7<%/';A%

<-;7(.?7<;% ';% ?7%=749@-% ?:-%/';A;% '(%.% ?:'</%9@.(-%.O7F-% ?:->)%

8:'=:%874@/%A--9%?:-%=749@'(3%O-.>;%=@-.<%7N%?:-%-@-=?<7/-;)%

O4?%.?%?:-%9-(.@?5%7N%.(7?:-<%>.;A'(3%;?-9"%

%17% .;=-<?.'(% :78% -NN-=?'F-@5% 4(8.(?-/%>7/-;% '(% ?:-%>-#

=:.('=.@@5%=749@-/%.<<.5%:.F-%O--(%;499<-;;-/)%R'3"%I%9<-;-(?;%

?:-%N<-W4-(=5%=:.<.=?-<';?'=%N7<%.%H#/';A%.<<.5%>-.;4<-/%7F-<%.%

8'/-%N<-W4-(=5%<.(3-%[JK%GUV^"%U-<-)%7(@5%.%;'(3@-%9-.A%=7<#

<-;97(/'(3%?7%?:-%N'<;?%N'@?-<%>7/-%';%7O;-<F-/)%8:'=:%F-<'N'-;%

?:-%4?'@'?5%7N%:.@N#8.F-@-(3?:%=749@'(3%O-.>%/-;'3(%.(/%-@-=#

?<7/-%9@.=->-(?%'(%-@'>'(.?'(3%4(8.(?-/%>7/-;"%
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.=:'-F-% /';A% <-;7(.?7<;% PMQ"% R'3"% H% 9<-;-(?;% *DGS;% 7N% N.O<'#
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IV. EXPERIMENTAL RESULTS 

$'(-#3@.;;% /';A% .<<.5% <-;7(.?7<;% 8-<-% N.O<'=.?-/% F'.% .%

?:<--#97@5;'@'=7(%;-@N#.@'3(-/%;?->%9<7=-;;%4;-/%9<-F'74;@5%?7%

.=:'-F-% /';A% <-;7(.?7<;% PMQ"% R'3"% H% 9<-;-(?;% *DGS;% 7N% N.O<'#

=.?-/%TK#GUV%8'(-#3@.;;%/';A%.<<.5;%8'?:%F.<5'(3%(4>O-<;%7N%

=749@-/%<-;7(.?7<;)%-.=:%;4997<?-/%O5%7(@5%?87%;4997<?%O-.>;"%

R'3"%T%9<-;-(?;%>-.;4<-/% N<-W4-(=5% ;9-=?<.% N7<% .% ;?.(/#.@7(-%

8'(-#3@.;;%/';A%<-;7(.?7<%?73-?:-<%8'?:%<-;7(.?7<%.<<.5;%4;'(3%

X)%H)%.(/%M%<-;7(.?7<;%>-=:.('=.@@5%=749@-/%8'?:%7(-%.(7?:-<"%

Y@?:743:% ?:-% ;'(3@-% <-;7(.?7<% .=:'-F-;% ?:-% :'3:-;?% .% 7N%

ZTZ)KKK)%?:-%.<<.5%.S;%.<-%;?'@@%.@@%3<-.?-<%?:.(%ZZH)KKK"%

R<7>%?:-%9-.A%:-'3:?;)%/0%[8'?:%12%\%I%]^%=.(%O-%-_?<.=?-/%

?7%O-%ZZ"IX%A!)% T"X`%A!)%`"K`%A!)% .(/%J"HT%A!)% N7<%Z)%X)%H)%

.(/%M% <-;7(.?7<% .<<.5;)% <-;9-=?'F-@5"%1:-%>-.;4<-/%/0% <-/4=#

?'7(% N.=?7<;%7N%Z"LH)% J"MK)% .(/%`"HL)% .=?4.@@5% N.@@% ;:7<?%7N% ?:-%

-_9-=?-/%X)%H)%.(/%M)%<-;9-=?'F-@5%['"-")%?:-%(4>O-<%7N%?:-%<-;7#

(.?7<;% '(% ?:-% .<<.5^"% Y@?:743:% /'NN-<-(=-;% '(% .% =7(?<'O4?-%

;7>-8:.?% ?7% ?:-% @78-<%>4@?'9@'=.?'7(% N.=?7<)% ?:-%>.'(%=4@9<'?%

:-<-% ';% ?:-%(--/% ?7% ;9@'?% ?:-%-@-=?<7/-;%O-?8--(% <-;7(.?7<;% '(%

7</-<%?7%.F7'/%=749@'(3%O-.>;%@7=.?-/%.?%:'3:%F-@7='?5%97'(?;%

[="N")%R'3"%Z^"%*'(=-%?:-%=749@'(3%O-.>;%.??.=:%.?%:'3:%F-@7='?5%

97'(?;)% ?:-% -@-=?<7/-;% O-?8--(% <-;7(.?7<;% >4;?% O-% ;9@'?% .(/%

<->7F-/%.?%:'3:%F-@7='?5%97'(?;%8:-<-%?:-%=4<<-(?%874@/%7?:#

-<8';-%:.F-%O--(%?:-%@.<3-;?"%1:';%3<-.?@5%<-/4=-;%?:-%=4<<-(?%

=7(?<'O4?'7(% N<7>%;4=:% '((-<%-@-=?<7/-;)% ?:-<-O5%<-/4='(3% ?:-%

N.=?7<% O5% 8:'=:% ?:-% >7?'7(.@% <-;';?.(=-% ';% @78-<-/"% Y% >7<-%

/-?.'@-/% /-?-<>'(.?'7(% 7N%/0% 4;'(3% F-@7='?5% '(?-3<.?'7(% 7F-<%

-.=:%-@-=?<7/-%[-"3")%.;%/7(-%'(%PZKQ^%5'-@/;%<-/4=?'7(%<.?'7;%7N%

Z"L`)%J"LH)% .(/%`"M`)% N7<% ?:-%X)% H)% .(/%M% <-;7(.?7<% .<<.5;)% <-#

;9-=?'F-@5)%8:'=:%(78%>.?=:%?:-%>-.;4<-/%F.@4-;"%

27?-% ?:.?% ?:-% ;W4.<-% <-;7(.?7<;%7N% PIQ%/'/%(7?% ;4NN-<% N<7>%

?:-% .O7F-%9<7O@->)% ;'(=-% ?:-'<% =749@'(3%O-.>;%/'/%(7?% '(?-<#

N-<-%8'?:%?:-'<%-@-=?<7/-;"%a(-%<->-/5%?7%?:-%9<7O@->%N7<%/';A%

<-;7(.?7<;% ';% ?7%=749@-% ?:-%/';A;% '(%.% ?:'</%9@.(-%.O7F-% ?:->)%

8:'=:%874@/%A--9%?:-%=749@'(3%O-.>;%=@-.<%7N%?:-%-@-=?<7/-;)%

O4?%.?%?:-%9-(.@?5%7N%.(7?:-<%>.;A'(3%;?-9"%

%17% .;=-<?.'(% :78% -NN-=?'F-@5% 4(8.(?-/%>7/-;% '(% ?:-%>-#

=:.('=.@@5%=749@-/%.<<.5%:.F-%O--(%;499<-;;-/)%R'3"%I%9<-;-(?;%

?:-%N<-W4-(=5%=:.<.=?-<';?'=%N7<%.%H#/';A%.<<.5%>-.;4<-/%7F-<%.%

8'/-%N<-W4-(=5%<.(3-%[JK%GUV^"%U-<-)%7(@5%.%;'(3@-%9-.A%=7<#

<-;97(/'(3%?7%?:-%N'<;?%N'@?-<%>7/-%';%7O;-<F-/)%8:'=:%F-<'N'-;%

?:-%4?'@'?5%7N%:.@N#8.F-@-(3?:%=749@'(3%O-.>%/-;'3(%.(/%-@-=#

?<7/-%9@.=->-(?%'(%-@'>'(.?'(3%4(8.(?-/%>7/-;"%
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R'3"%Ib%G-.;4<-/% N<-W4-(=5% ;9-=?<4>% F-<'N5'(3% (7% ;94<'74;% >7/-;% .<74(/%

?:-%/-;'<-/%>7/-%7N%?:-%<-;7(.?7<%.<<.5)%.=:'-F-/%F'.%9<79-<%-@-=?<7/-%-_='?.#

?'7(%.(/%:.@N#8.F-@-(3?:%=749@'(3%O-.>%/-;'3("%

%

%
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H"IH%A!)%X"ZZ%A!)%Z"ML%A!)%
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E';A%
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Measured Phase Noise

• Meets GSM specs with comfortable margin
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N7<%7;='@@.?7<% ?-;?'(3)% ?:-%C0%.(/%GDG*%=:'9;%8-<-%'(?-<#

=7((-=?-/%F'.%8'<-#O7(/'(3)%.(/%?-;?'(3%8.;%/7(-%4(/-<%F.=#

44>%?7%9<-;-<F-%?:-%:'3:%.%7P%?:-%>'=<7>-=:.('=.@%<-;7(.?7<;%

7<%.<<.5;"%N'3;"%L#QK%9<-;-(?%7;='@@.?7<%9-<P7<>.(=-%/.?.)%;?.<?#

'(3% 8'?:% ?:-% 7O@'3.?7<5% 7;='@@7;=79-% .(/% ;9-=?<4>% .(.@5R-<%

8.F-P7<>;)% .(/% =4@>'(.?'(3% '(% .% 9@7?% 7P%9:.;-% (7';-%/-(;'?5%

F-<;4;% 7PP;-?% P<7>% ?:-% =.<<'-<% P<-S4-(=5"% 1:-% @.;?% 7P% ?:-;-%

;:78;%.%9:.;-%(7';-%7P%#QJT%/U=VWR%.?%Q%AWR%7PP;-?%P<7>%?:-%

=.<<'-<)% .(/% #QTX%/U=VWR%.?% P.<#P<7>#=.<<'-<%7PP;-?;"%1:';% P.<#

P<7>#=.<<'-<% (7';-% P@77<% ';% .O74?% Y% /U% O-??-<% ?:.(% ?:.?% 7P% .(%

7;='@@.?7<% 4;'(3% .% ;'(3@-% 8'(-#3@.;;% /';A% <-;7(.?7<)% F-<'P5'(3%

?:-%4?'@'?5%7P% <-;7(.?7<%.<<.5%/-;'3("% C(%.//'?'7()%N'3"%QK%.@;7%

;:78;%?:.?%?:-%4(/-;'<-/%QV/T%(7';-%Z;--(%'(%9<-F'74;%>'=<7>-#

=:.('=.@%<-;7(.?7<%7;='@@.?7<;%[Q\]%';%<->7F-/%8:-(%.%=749@-/%

.<<.5% ';% 4?'@'R-/)% /4-% ?7% '?;% '(=<-.;-/% 978-<% :.(/@'(3% .O'@'?5"%

$'?:%QV/T%(7';-%;499<-;;-/)%.(%-^9-=?-/%QV/J%/-9-(/-(=-%=7>#

>7(@5%-^:'O'?-/%O5%:'3:%.%7;='@@.?7<;%?:-(%<->.'(;)%'>9<7F'(3%

?:-% =@7;-#?7#=.<<'-<% 9:.;-% (7';-% .?% Q% AWR% 7PP;-?% P<7>% #QQK%

/U=VWR% ?7% #QJT% /U=VWR"%E'F'/'(3% /78(% ?7% QK%GWR% P7<% P.'<%

=7>9.<';7()% ?:';%=7<<-;97(/;% ?7%#QTL%/U=VWR%.?%Q%AWR%7PP;-?%

.(/%#QHQ%/U=VWR%P.<% P<7>%?:-%=.<<'-<)%8:'=:%>7<-% ?:.(%;.?';#

P'-;%ZO5%L%/U%.(/%Q/U]%?:-%;?<'(3-(?%_*G%<-S4'<->-(?"%

V. CONCLUSIONS 

'̀.%4;-%7P%.%>-=:.('=.@@5#=749@-/%.<<.5%.99<7.=:%?7%O77;?%

?:-%978-<%:.(/@'(3%.O'@'?5%7P%.%6=7>97;'?-B%>'=<7>-=:.('=.@%

<-;7(.?7<)%.%XK#GWR%;-<'-;%<-;7(.(?%7;='@@.?7<%/'F'/-/%/78(%?7%

QK%GWR%:.;%O--(%/->7(;?<.?-/%8'?:%9:.;-%(7';-%F.@4-;%7P% #

QTL% /U=VWR% .?% Q% AWR% 7PP;-?% .(/% #QHQ% /U=VWR% .?% P.<#P<7>#

=.<<'-<%7PP;-?;)%O7?:%7P%8:'=:%(78%;.?';P5%;?<'(3-(?%_*G%;9-='#

P'=.?'7(;% P7<% =7>>4('=.?'7(;% <-P-<-(=-% 7;='@@.?7<;"% 1:';)% ?7#

3-?:-<%8'?:% '?;% @78%978-<%=7(;4>9?'7(%7P%7(@5%THK%!$)%.(/%

'?;% 97?-(?'.@% P7<% P4@@% '(?-3<.?'7(% 7P% ?:-% ?<.(;';?7<% ;4;?.'('(3%

='<=4'?%.(/%GDG*%/-F'=-%7(?7%.%;'(3@-%;'@'=7(%=:'9)%>.A-;%?:-%

>'=<7>-=:.('=.@% <-;7(.?7<#.<<.5% 7;='@@.?7<% 7P% ?:';% 87<A% .(%

.??<.=?'F-% 7(#=:'9% <-9@.=->-(?% P7<% S4.<?R% =<5;?.@% <-P-<-(=-%

7;='@@.?7<;% '(% =7>>4('=.?'7(;% .99@'=.?'7(;"% a(/% .@@% 7P% ?:';%

>./-%97;;'O@-%O5%-PP-=?'F-@5%:.<(-;;'(3%?:-%'(?-3<.?'7(%./F.(#

?.3-%7P%>'=<7>-=:.('=;)%8:'=:%.@@78;%.%/-;'3(-<%?7%O<-.A%?:-%

6>'('>.@';?B% 9.<./'3>% ?:.?% /'=?.?-;% ?:-% 4;-% 7P% 7(-% .(/% 7(@5%

7(-%S4.<?R%=<5;?.@%'(%.(%7;='@@.?7<)%.(/%'(;?-./)%9-<>'?;%?:-%4;-%

7P%.;%>.(5%>'=<7>-=:.('=.@% <-;7(.?7<;%.;%(--/-/)%8'?:% @'??@-%

;'R-%7<%=7;?%9-(.@?5"%

Acknowledgments.% 1:';% 87<A% 8.;% ;4997<?-/% 4(/-<% Ea,ba%

_<.(?%27"%NTKXKJ#KQ#Q#KHIT"%

REFERENCES 

[Q\ !"#$"%&'()%*"%&--)%*"#*"%&')%!"%c'-)%+"%,-()%.(/%0"%1"#0"%2345-()%6*-<'-;#
<-;7(.(?%`WN%>'=<7>-=:.('=.@%<-;7(.?7<%<-P-<-(=-%7;='@@.?7<;)B%0111)23)

45(&674-'-")8&9#:&-,)%F7@"%TM)%(7"%QJ)%99"%JYII#JYMQ)%E-="%JKKY"%

[J\ $"#1"% W;4% .(/% 0"% 1"#0"% 2345-()% 6*?'PP(-;;#=7>9-(;.?-/% ?->9-<.?4<-#
'(;-(;'?'F-% >'=<7>-=:.('=.@% <-;7(.?7<;)B% !"#$%&#'() *&+",-)% GDG*dKJ)%

&.;% -̀3.;)%2 )̀%JKKJ)%99"%ITQ#ITY"%

[T\ a"%D"%N<.(A-)% e"%G"%W-=A)%1"#e"%f'(3)% .(/%,"%1"%W78-)% 6b7@5=<5;?.@@'(-%
;'@'=7(#3-<>.('4>% P'@>;% P7<% '(?-3<.?-/% >'=<7;5;?->;)B% 23) ;&#95"("#-957

<"#$'%&#'()4=,-"<,)%F7@"%QJ)%(7"%J)%99"%QXK#QIQ)%a9<'@%JKKT"%

[Y\ "̀% f..g.A.<')% 1"%G.??'@.)% a"%hg.)% e"%f'':.>iA')% .(/%W"% *-99i)% 6*S4.<-#

-^?-(;'7(.@% >7/-% ;'(3@-#=<5;?.@% ;'@'=7(% >'=<7>-=:.('=.@% <-;7(.?7<% P7<%

@78#9:.;-#(7';-% 7;='@@.?7<% .99@'=.?'7(;)B% 0111) 1("#-95%) *">&#") ?"--"9,)%

F7@"%JH)%(7"%Y)%99"%QIT#QIH)%a9<'@%JKKY"%

[H\ 1"%a"%07<-)%$"%f"%1;.(3)%*"% e"%*:-<>.()%6N.O<'=.?'7(% ?-=:(7@735%P7<%.(%
'(?-3<.?-/% ;4<P.=-#>'=<7>.=:'(-/% ;-(;7<)B% 45(&6) 4-'-") !"#$%5(5+=)% F7@"%

TX)%(7"%QK)%99"%TM#YI)%h=?"%QMMT"%

[X\ $"%b"%,7O'(;)%@$',")A5&,")&%)4&+%'()45:9#",3%&7(/7(j%b-?-<%b-<-3<'(4;)%
&?/")%QMLJ"%

[I\ G"%k"%E->'<=')%G"%a"%aO/-@>7(-4>)%.(/%0"%1"#0"%2345-()% 6G-=:.('#
=.@@5%=7<(-<#=749@-/%;S4.<-%>'=<7<-;7(.?7<%.<<.5%P7<% <-/4=-/%;-<'-;%>7#

?'7(.@% <-;';?.(=-)B%*&+",-) 5/) !"#$%&#'() @'B"9,)% 1<.(;/4=-<;dKT)% U7;?7()%

Ga)%JKKT)%99"%MHH#MHL"%

[L\ *"% &--% .(/% 0"% 1"#0"% 2345-()% 6G-=:.('=.@@5#=749@-/% >'=<7>-=:.('=.@%
<-;7(.?7<%.<<.5;%P7<%'>9<7F-/%9:.;-%(7';-)B%@95#""6&%+,)%CDDD%C(?"%k@?<.#

;7('=;)% N-<<7-@-=?<'=;)% .(/% N<-S4-(=5% 07(?<7@% HK?:% a(('F"% e7'(?% 07(P)%

G7(?<-.@)%0.(./.)%a43"%JKKY)%99"%JLK#JLX"%

[M\ e"%$.(3)%+"%,-()%.(/%0"%1"#0"%2345-()%6Q"QHX#_WR%;-@P#.@'3(-/%F'O<.?'(3%
>'=<7>-=:.('=.@% /';A% <-;7(.?7<)B% 0111) !9'%,3) C(-9',5%3D) E"995"("#-3D)

E9"F3)85%-93)%F7@"%HQ)%(7"%QJ)%99"%QXKI#QXJL)%E-="%JKKY"%

[QK\ N"%E"%U.((7(%CCC)%e"%,"%0@.<A)%.(/%0"%1"#0"%2345-()%6W'3:#.%WN%>'=<7#
-@-=?<7>-=:.('=.@%P'@?-<;)B%0111)23)45(&674-'-")8&9#:&-,)%F7@"%TH)%(7"%Y)%99"%

HQJ#HJX)%a9<'@%JKKK"%

%

%

%

%

%

%

%

%

%

%

%

%

N'3"%Lj%G-.;4<-/%;?-./5#;?.?-%7;='@@7;=79-%8.F-P7<>%P7<% ?:-%XK#GWR%8'(-#
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N'3"%QKj%b:.;-%(7';-%/-(;'?5%F-<;4;%=.<<'-<%7PP;-?%P<-S4-(=5%9@7?;%P7<%?:-%XK#

GWR% 8'(-#3@.;;% /';A% <-;7(.?7<#.<<.5% 7;='@@.?7<)% >-.;4<-/% 4;'(3% .(% Wb%

DHHKK% b:.;-%27';-%G-.;4<->-(?% *5;?->"% 1:-% ?87% ;?.<% ;5>O7@;% ;:78% ?:-%

_*G%;9-='P'=.?'7(%P7<%=@7;-#?7#=.<<'-<%.(/%P.<#P<7>#=.<<'-<%7PP;-?;"%
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N7<%7;='@@.?7<% ?-;?'(3)% ?:-%C0%.(/%GDG*%=:'9;%8-<-%'(?-<#

=7((-=?-/%F'.%8'<-#O7(/'(3)%.(/%?-;?'(3%8.;%/7(-%4(/-<%F.=#

44>%?7%9<-;-<F-%?:-%:'3:%.%7P%?:-%>'=<7>-=:.('=.@%<-;7(.?7<;%

7<%.<<.5;"%N'3;"%L#QK%9<-;-(?%7;='@@.?7<%9-<P7<>.(=-%/.?.)%;?.<?#

'(3% 8'?:% ?:-% 7O@'3.?7<5% 7;='@@7;=79-% .(/% ;9-=?<4>% .(.@5R-<%

8.F-P7<>;)% .(/% =4@>'(.?'(3% '(% .% 9@7?% 7P%9:.;-% (7';-%/-(;'?5%

F-<;4;% 7PP;-?% P<7>% ?:-% =.<<'-<% P<-S4-(=5"% 1:-% @.;?% 7P% ?:-;-%

;:78;%.%9:.;-%(7';-%7P%#QJT%/U=VWR%.?%Q%AWR%7PP;-?%P<7>%?:-%

=.<<'-<)% .(/% #QTX%/U=VWR%.?% P.<#P<7>#=.<<'-<%7PP;-?;"%1:';% P.<#

P<7>#=.<<'-<% (7';-% P@77<% ';% .O74?% Y% /U% O-??-<% ?:.(% ?:.?% 7P% .(%

7;='@@.?7<% 4;'(3% .% ;'(3@-% 8'(-#3@.;;% /';A% <-;7(.?7<)% F-<'P5'(3%

?:-%4?'@'?5%7P% <-;7(.?7<%.<<.5%/-;'3("% C(%.//'?'7()%N'3"%QK%.@;7%

;:78;%?:.?%?:-%4(/-;'<-/%QV/T%(7';-%Z;--(%'(%9<-F'74;%>'=<7>-#

=:.('=.@%<-;7(.?7<%7;='@@.?7<;%[Q\]%';%<->7F-/%8:-(%.%=749@-/%

.<<.5% ';% 4?'@'R-/)% /4-% ?7% '?;% '(=<-.;-/% 978-<% :.(/@'(3% .O'@'?5"%

$'?:%QV/T%(7';-%;499<-;;-/)%.(%-^9-=?-/%QV/J%/-9-(/-(=-%=7>#

>7(@5%-^:'O'?-/%O5%:'3:%.%7;='@@.?7<;%?:-(%<->.'(;)%'>9<7F'(3%

?:-% =@7;-#?7#=.<<'-<% 9:.;-% (7';-% .?% Q% AWR% 7PP;-?% P<7>% #QQK%

/U=VWR% ?7% #QJT% /U=VWR"%E'F'/'(3% /78(% ?7% QK%GWR% P7<% P.'<%

=7>9.<';7()% ?:';%=7<<-;97(/;% ?7%#QTL%/U=VWR%.?%Q%AWR%7PP;-?%

.(/%#QHQ%/U=VWR%P.<% P<7>%?:-%=.<<'-<)%8:'=:%>7<-% ?:.(%;.?';#

P'-;%ZO5%L%/U%.(/%Q/U]%?:-%;?<'(3-(?%_*G%<-S4'<->-(?"%

V. CONCLUSIONS 

'̀.%4;-%7P%.%>-=:.('=.@@5#=749@-/%.<<.5%.99<7.=:%?7%O77;?%

?:-%978-<%:.(/@'(3%.O'@'?5%7P%.%6=7>97;'?-B%>'=<7>-=:.('=.@%

<-;7(.?7<)%.%XK#GWR%;-<'-;%<-;7(.(?%7;='@@.?7<%/'F'/-/%/78(%?7%

QK%GWR%:.;%O--(%/->7(;?<.?-/%8'?:%9:.;-%(7';-%F.@4-;%7P% #

QTL% /U=VWR% .?% Q% AWR% 7PP;-?% .(/% #QHQ% /U=VWR% .?% P.<#P<7>#

=.<<'-<%7PP;-?;)%O7?:%7P%8:'=:%(78%;.?';P5%;?<'(3-(?%_*G%;9-='#

P'=.?'7(;% P7<% =7>>4('=.?'7(;% <-P-<-(=-% 7;='@@.?7<;"% 1:';)% ?7#

3-?:-<%8'?:% '?;% @78%978-<%=7(;4>9?'7(%7P%7(@5%THK%!$)%.(/%

'?;% 97?-(?'.@% P7<% P4@@% '(?-3<.?'7(% 7P% ?:-% ?<.(;';?7<% ;4;?.'('(3%

='<=4'?%.(/%GDG*%/-F'=-%7(?7%.%;'(3@-%;'@'=7(%=:'9)%>.A-;%?:-%

>'=<7>-=:.('=.@% <-;7(.?7<#.<<.5% 7;='@@.?7<% 7P% ?:';% 87<A% .(%

.??<.=?'F-% 7(#=:'9% <-9@.=->-(?% P7<% S4.<?R% =<5;?.@% <-P-<-(=-%
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>./-%97;;'O@-%O5%-PP-=?'F-@5%:.<(-;;'(3%?:-%'(?-3<.?'7(%./F.(#

?.3-%7P%>'=<7>-=:.('=;)%8:'=:%.@@78;%.%/-;'3(-<%?7%O<-.A%?:-%

6>'('>.@';?B% 9.<./'3>% ?:.?% /'=?.?-;% ?:-% 4;-% 7P% 7(-% .(/% 7(@5%

7(-%S4.<?R%=<5;?.@%'(%.(%7;='@@.?7<)%.(/%'(;?-./)%9-<>'?;%?:-%4;-%

7P%.;%>.(5%>'=<7>-=:.('=.@% <-;7(.?7<;%.;%(--/-/)%8'?:% @'??@-%

;'R-%7<%=7;?%9-(.@?5"%
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IV. EXPERIMENTAL RESULTS 

$'(-#3@.;;% /';A% .<<.5% <-;7(.?7<;% 8-<-% N.O<'=.?-/% F'.% .%

?:<--#97@5;'@'=7(%;-@N#.@'3(-/%;?->%9<7=-;;%4;-/%9<-F'74;@5%?7%

.=:'-F-% /';A% <-;7(.?7<;% PMQ"% R'3"% H% 9<-;-(?;% *DGS;% 7N% N.O<'#

=.?-/%TK#GUV%8'(-#3@.;;%/';A%.<<.5;%8'?:%F.<5'(3%(4>O-<;%7N%

=749@-/%<-;7(.?7<;)%-.=:%;4997<?-/%O5%7(@5%?87%;4997<?%O-.>;"%

R'3"%T%9<-;-(?;%>-.;4<-/% N<-W4-(=5% ;9-=?<.% N7<% .% ;?.(/#.@7(-%

8'(-#3@.;;%/';A%<-;7(.?7<%?73-?:-<%8'?:%<-;7(.?7<%.<<.5;%4;'(3%

X)%H)%.(/%M%<-;7(.?7<;%>-=:.('=.@@5%=749@-/%8'?:%7(-%.(7?:-<"%

Y@?:743:% ?:-% ;'(3@-% <-;7(.?7<% .=:'-F-;% ?:-% :'3:-;?% .% 7N%

ZTZ)KKK)%?:-%.<<.5%.S;%.<-%;?'@@%.@@%3<-.?-<%?:.(%ZZH)KKK"%

R<7>%?:-%9-.A%:-'3:?;)%/0%[8'?:%12%\%I%]^%=.(%O-%-_?<.=?-/%

?7%O-%ZZ"IX%A!)% T"X`%A!)%`"K`%A!)% .(/%J"HT%A!)% N7<%Z)%X)%H)%

.(/%M% <-;7(.?7<% .<<.5;)% <-;9-=?'F-@5"%1:-%>-.;4<-/%/0% <-/4=#

?'7(% N.=?7<;%7N%Z"LH)% J"MK)% .(/%`"HL)% .=?4.@@5% N.@@% ;:7<?%7N% ?:-%

-_9-=?-/%X)%H)%.(/%M)%<-;9-=?'F-@5%['"-")%?:-%(4>O-<%7N%?:-%<-;7#

(.?7<;% '(% ?:-% .<<.5^"% Y@?:743:% /'NN-<-(=-;% '(% .% =7(?<'O4?-%

;7>-8:.?% ?7% ?:-% @78-<%>4@?'9@'=.?'7(% N.=?7<)% ?:-%>.'(%=4@9<'?%

:-<-% ';% ?:-%(--/% ?7% ;9@'?% ?:-%-@-=?<7/-;%O-?8--(% <-;7(.?7<;% '(%

7</-<%?7%.F7'/%=749@'(3%O-.>;%@7=.?-/%.?%:'3:%F-@7='?5%97'(?;%

[="N")%R'3"%Z^"%*'(=-%?:-%=749@'(3%O-.>;%.??.=:%.?%:'3:%F-@7='?5%

97'(?;)% ?:-% -@-=?<7/-;% O-?8--(% <-;7(.?7<;% >4;?% O-% ;9@'?% .(/%

<->7F-/%.?%:'3:%F-@7='?5%97'(?;%8:-<-%?:-%=4<<-(?%874@/%7?:#
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;9-=?'F-@5)%8:'=:%(78%>.?=:%?:-%>-.;4<-/%F.@4-;"%
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Phase Noise:  Model for Resonator

• The system is non-linear due to the electrostatic 
mechanism and the mechanical non-linearities
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Fig. 1. Schematic representation of noise aliasing in micro-oscillator.
A linear resonator would filter out the amplifier low-frequency 1/f-
noise present at the resonator input, but nonlinear filtering element
will result in noise aliasing.

Fig. 2. Mechanical lumped model for the resonator.

where m is the lumped mass, γ is the damping coefficient,
Fe is the electrostatic forcing term, and k is the mechanical
spring constant. We also define the natural frequency ω0 =√

k/m and the quality factor Q = ω0m/γ. The resonator
displacement x due to the force Fe is given by:

x = H(ω)Fe, (2)

where the force-displacement transfer function H(ω) from
(1) is:

H(ω) =
k−1

1 − ω2/ω2
0 + iω/Qω0

. (3)

The electrostatic force actuating the resonator is:

Fe =
1
2

∂C

∂x
(Udc + uac)

2 , (4)

where Udc is the direct current (DC)-bias voltage over the
gap, uac is the alternating current (AC)-excitation voltage,
and:

C = ε0
Ael

d − x
, (5)

is the transducer working capacitance that depends on the
permittivity of free space ε0, the electrode area Ael, and
the nominal electrode gap d. The current through the elec-
trode is:

isig =
∂CU

∂t
≈ ∂C

∂t
Udc + C0

∂uac

∂t
, (6)

Fig. 3. The electrical equivalent circuit for MEMS-based oscillator.

where C0 is the capacitance at zero displacement. In (6),
the first term is due to the capacitance variations (mo-
tional current im), and the second term is the normal AC-
current through the capacitance. The electromechanical
transduction factor is identified as [12]:

η = Udc
∂C

∂x
≈ Udc

C0

d
. (7)

The resulting relation between the motional current im,
the mechanical transducer velocity ẋ, the excitation volt-
age uac, and the force Fe at the excitation frequency are:

im ≈ ηẋ,

Fe ≈ ηuac,
(8)

where the displacement x is assumed to be small com-
pared to the gap d. By substituting (8) into (1), an electri-
cal equivalent circuit shown in Fig. 3 can be derived. The
component values are:

Rm =
√

km/Qη2 = k/ω0Qη2,

Cm = η2/k,

Lm = m/η2, and
C0 = ε0Ael/d0.

(9)

The important observation is that, to obtain a small
motional resistance Rm, a large electromechanical trans-
duction factor is needed requiring either a small gap d or
a large DC-bias voltage Udc. In practice, the voltage usu-
ally is limited by system considerations and, thus, a small
gap, typically less than 1 µm, is needed. Unfortunately, as
will be seen in the following sections, the small gap will re-
sult in unwanted nonlinear effects that limit the vibration
amplitude and cause noise aliasing.

B. Nonlinear Electrostatic Spring Force

Due to the inverse relationship between the electrode
displacement and the parallel plate capacitance, the elec-
trostatic coupling introduces nonlinear spring terms. Ad-
ditionally, nonlinear effects of mechanical origins are pos-
sible, and most fundamentally material nonlinearities set
the limit for the miniaturization [4] [13]. In this paper,
however, the gap is assumed small, and therefore, the ca-
pacitive nonlinearity dominates. Thus, a linear mechanical

kaajakari et al.: analysis of phase noise and micromechanical oscillators 2323

Fig. 1. Schematic representation of noise aliasing in micro-oscillator.
A linear resonator would filter out the amplifier low-frequency 1/f-
noise present at the resonator input, but nonlinear filtering element
will result in noise aliasing.

Fig. 2. Mechanical lumped model for the resonator.

where m is the lumped mass, γ is the damping coefficient,
Fe is the electrostatic forcing term, and k is the mechanical
spring constant. We also define the natural frequency ω0 =√

k/m and the quality factor Q = ω0m/γ. The resonator
displacement x due to the force Fe is given by:

x = H(ω)Fe, (2)

where the force-displacement transfer function H(ω) from
(1) is:

H(ω) =
k−1

1 − ω2/ω2
0 + iω/Qω0

. (3)

The electrostatic force actuating the resonator is:

Fe =
1
2

∂C

∂x
(Udc + uac)

2 , (4)

where Udc is the direct current (DC)-bias voltage over the
gap, uac is the alternating current (AC)-excitation voltage,
and:

C = ε0
Ael

d − x
, (5)

is the transducer working capacitance that depends on the
permittivity of free space ε0, the electrode area Ael, and
the nominal electrode gap d. The current through the elec-
trode is:

isig =
∂CU

∂t
≈ ∂C

∂t
Udc + C0

∂uac

∂t
, (6)

Fig. 3. The electrical equivalent circuit for MEMS-based oscillator.

where C0 is the capacitance at zero displacement. In (6),
the first term is due to the capacitance variations (mo-
tional current im), and the second term is the normal AC-
current through the capacitance. The electromechanical
transduction factor is identified as [12]:

η = Udc
∂C

∂x
≈ Udc

C0

d
. (7)

The resulting relation between the motional current im,
the mechanical transducer velocity ẋ, the excitation volt-
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where the displacement x is assumed to be small com-
pared to the gap d. By substituting (8) into (1), an electri-
cal equivalent circuit shown in Fig. 3 can be derived. The
component values are:
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km/Qη2 = k/ω0Qη2,

Cm = η2/k,

Lm = m/η2, and
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The important observation is that, to obtain a small
motional resistance Rm, a large electromechanical trans-
duction factor is needed requiring either a small gap d or
a large DC-bias voltage Udc. In practice, the voltage usu-
ally is limited by system considerations and, thus, a small
gap, typically less than 1 µm, is needed. Unfortunately, as
will be seen in the following sections, the small gap will re-
sult in unwanted nonlinear effects that limit the vibration
amplitude and cause noise aliasing.

B. Nonlinear Electrostatic Spring Force

Due to the inverse relationship between the electrode
displacement and the parallel plate capacitance, the elec-
trostatic coupling introduces nonlinear spring terms. Ad-
ditionally, nonlinear effects of mechanical origins are pos-
sible, and most fundamentally material nonlinearities set
the limit for the miniaturization [4] [13]. In this paper,
however, the gap is assumed small, and therefore, the ca-
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Fe ≈ ηuac,
(8)

where the displacement x is assumed to be small com-
pared to the gap d. By substituting (8) into (1), an electri-
cal equivalent circuit shown in Fig. 3 can be derived. The
component values are:

Rm =
√

km/Qη2 = k/ω0Qη2,

Cm = η2/k,

Lm = m/η2, and
C0 = ε0Ael/d0.

(9)

The important observation is that, to obtain a small
motional resistance Rm, a large electromechanical trans-
duction factor is needed requiring either a small gap d or
a large DC-bias voltage Udc. In practice, the voltage usu-
ally is limited by system considerations and, thus, a small
gap, typically less than 1 µm, is needed. Unfortunately, as
will be seen in the following sections, the small gap will re-
sult in unwanted nonlinear effects that limit the vibration
amplitude and cause noise aliasing.

B. Nonlinear Electrostatic Spring Force

Due to the inverse relationship between the electrode
displacement and the parallel plate capacitance, the elec-
trostatic coupling introduces nonlinear spring terms. Ad-
ditionally, nonlinear effects of mechanical origins are pos-
sible, and most fundamentally material nonlinearities set
the limit for the miniaturization [4] [13]. In this paper,
however, the gap is assumed small, and therefore, the ca-
pacitive nonlinearity dominates. Thus, a linear mechanical

kaajakari et al.: analysis of phase noise and micromechanical oscillators 2323

Fig. 1. Schematic representation of noise aliasing in micro-oscillator.
A linear resonator would filter out the amplifier low-frequency 1/f-
noise present at the resonator input, but nonlinear filtering element
will result in noise aliasing.

Fig. 2. Mechanical lumped model for the resonator.

where m is the lumped mass, γ is the damping coefficient,
Fe is the electrostatic forcing term, and k is the mechanical
spring constant. We also define the natural frequency ω0 =√

k/m and the quality factor Q = ω0m/γ. The resonator
displacement x due to the force Fe is given by:

x = H(ω)Fe, (2)

where the force-displacement transfer function H(ω) from
(1) is:

H(ω) =
k−1

1 − ω2/ω2
0 + iω/Qω0

. (3)

The electrostatic force actuating the resonator is:

Fe =
1
2

∂C

∂x
(Udc + uac)

2 , (4)

where Udc is the direct current (DC)-bias voltage over the
gap, uac is the alternating current (AC)-excitation voltage,
and:

C = ε0
Ael

d − x
, (5)

is the transducer working capacitance that depends on the
permittivity of free space ε0, the electrode area Ael, and
the nominal electrode gap d. The current through the elec-
trode is:

isig =
∂CU

∂t
≈ ∂C

∂t
Udc + C0

∂uac

∂t
, (6)

Fig. 3. The electrical equivalent circuit for MEMS-based oscillator.

where C0 is the capacitance at zero displacement. In (6),
the first term is due to the capacitance variations (mo-
tional current im), and the second term is the normal AC-
current through the capacitance. The electromechanical
transduction factor is identified as [12]:

η = Udc
∂C

∂x
≈ Udc

C0

d
. (7)

The resulting relation between the motional current im,
the mechanical transducer velocity ẋ, the excitation volt-
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(9)

The important observation is that, to obtain a small
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duction factor is needed requiring either a small gap d or
a large DC-bias voltage Udc. In practice, the voltage usu-
ally is limited by system considerations and, thus, a small
gap, typically less than 1 µm, is needed. Unfortunately, as
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tional current im), and the second term is the normal AC-
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The resulting relation between the motional current im,
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Rm =
√

km/Qη2 = k/ω0Qη2,
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The important observation is that, to obtain a small
motional resistance Rm, a large electromechanical trans-
duction factor is needed requiring either a small gap d or
a large DC-bias voltage Udc. In practice, the voltage usu-
ally is limited by system considerations and, thus, a small
gap, typically less than 1 µm, is needed. Unfortunately, as
will be seen in the following sections, the small gap will re-
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amplitude and cause noise aliasing.
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displacement and the parallel plate capacitance, the elec-
trostatic coupling introduces nonlinear spring terms. Ad-
ditionally, nonlinear effects of mechanical origins are pos-
sible, and most fundamentally material nonlinearities set
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where C0 is the capacitance at zero displacement. In (6),
the first term is due to the capacitance variations (mo-
tional current im), and the second term is the normal AC-
current through the capacitance. The electromechanical
transduction factor is identified as [12]:

η = Udc
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The resulting relation between the motional current im,
the mechanical transducer velocity ẋ, the excitation volt-
age uac, and the force Fe at the excitation frequency are:

im ≈ ηẋ,

Fe ≈ ηuac,
(8)

where the displacement x is assumed to be small com-
pared to the gap d. By substituting (8) into (1), an electri-
cal equivalent circuit shown in Fig. 3 can be derived. The
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Rm =
√

km/Qη2 = k/ω0Qη2,

Cm = η2/k,

Lm = m/η2, and
C0 = ε0Ael/d0.
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The important observation is that, to obtain a small
motional resistance Rm, a large electromechanical trans-
duction factor is needed requiring either a small gap d or
a large DC-bias voltage Udc. In practice, the voltage usu-
ally is limited by system considerations and, thus, a small
gap, typically less than 1 µm, is needed. Unfortunately, as
will be seen in the following sections, the small gap will re-
sult in unwanted nonlinear effects that limit the vibration
amplitude and cause noise aliasing.

B. Nonlinear Electrostatic Spring Force

Due to the inverse relationship between the electrode
displacement and the parallel plate capacitance, the elec-
trostatic coupling introduces nonlinear spring terms. Ad-
ditionally, nonlinear effects of mechanical origins are pos-
sible, and most fundamentally material nonlinearities set
the limit for the miniaturization [4] [13]. In this paper,
however, the gap is assumed small, and therefore, the ca-
pacitive nonlinearity dominates. Thus, a linear mechanical
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model is used, and the accurate nonlinear model is used
for the electromechanical transduction [14].

The nonlinear electrostatic spring constants are ob-
tained by a series expansion of the electrostatic force:

F =
U2

dc

2
∂C

∂x
. (10)

Including terms up to the second order gives for the
electrostatic spring:

ke(x) = k0e(1 + k1ex + k2ex
2)

k0e = −U2
DCC0

d2 , k1e =
3
2d

, and k2e =
2
d2 . (11)

The linear electrostatic spring k0e is negative, and thus
lowers the resonance frequency. Of the nonlinear terms, the
second-order correction k2e can be shown to dominate [1].

The electrostatic nonlinearity limits the resonator drive
level as at high-vibration amplitudes; the amplitude-
frequency curve is not a single valued function and oscilla-
tions may even become chaotic [1] [4]. Therefore, the max-
imum usable vibration amplitude can be estimated from
the largest vibration amplitude before a bifurcation. This
critical vibration amplitude can be written as [4], [15]:

xc =
2√

3
√

3Q|κ|
, (12)

where:

κ =
3k2ek0e

8k
− 5k2

1ek
2
0e

12k2 . (13)

Defining the drive level as the motional current through
the resonator, the maximum drive level is given by (8) and
(12) and can be written as:

imax
m = ηω0xc. (14)

As will be seen in Section IV, the maximum drive level
sets the noise floor obtainable with microresonator-based
oscillator.

The analysis in this section assumed that the nonlinear-
ity is due to the capacitive spring effects, but (12) and (13)
are valid also for cases in which mechanical nonlinearities
dominate. As an example, in the comb drive actuated res-
onators, the capacitance depends linearly on displacement
[16]. In such a case, the nonlinear springs and the max-
imum vibration amplitude is estimated from mechanical
nonlinearities [4].

III. Aliasing of Noise in Microresonator

In addition to the nonlinear spring effects, the capaci-
tive coupling results in up- and down-conversion of noise.
As seen from the trigonometric identity:

2 cos∆ωt · cosω0t = cos (ω0 + ∆ω) t + cos (ω0 − ∆ω) t,
(15)

Fig. 4. Schematic representation of noise aliasing. Low-frequency
noise un(∆ω) present at filter input is aliased to carrier side-bands
ω0 ± ∆ω due to mixing in resonator.

the low-frequency noise signal at ∆ω multiplied with the
carrier signal at ω0 results in additional near-carrier noise
side-bands at ω0±∆ω. As illustrated in Fig. 5, this mixing
in the resonator causes aliasing of low-frequency noise to
carrier side-bands.

The aliasing of low-frequency noise can be very detri-
mental to the oscillator phase noise performance as
low-frequency 1/f -noise can be considerably larger than
the thermal noise floor. The typical low-frequency noise
sources present at the resonator input are the active sus-
taining elements (transistors) in the oscillator circuit that
may have a significant amount of 1/f -noise [17]. Resonator
biasing also may be noisy, especially if it is implemented
with a charge pump. Notably mechanical 1/f -noise also
may be significant if the resonator is scaled to nanome-
ter scale [18]. However, the noise up-mixing analysis pre-
sented here is not limited to a specific noise source as only
the magnitude of the noise at resonator input is needed to
predict noise aliasing in the resonator.

In this section, the noise up-mixing due to the elec-
trostatic coupling is analyzed. Mixing due to the electro-
static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.

A. Mixing Due to Capacitive Current Nonlinearity

Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
capacitance. The capacitance is:

C(x) ≈ C0

(
1 +

x0

d

)
, (16)

where x0 is the resonator displacement at the excitation
frequency. The current through the resonator due to the
voltage un is then:

in =
∂(C(x)un)

∂t
≈ C0

d
ẋ0un + C0u̇n. (17)

The first term in (17) isresponsible for the noise up-
conversion and results in noise current at ω0 ± ∆ω. Us-

2324 ieee transactions on ultrasonics, ferroelectrics, and frequency control, vol. 52, no. 12, december 2005

model is used, and the accurate nonlinear model is used
for the electromechanical transduction [14].

The nonlinear electrostatic spring constants are ob-
tained by a series expansion of the electrostatic force:

F =
U2

dc

2
∂C

∂x
. (10)

Including terms up to the second order gives for the
electrostatic spring:

ke(x) = k0e(1 + k1ex + k2ex
2)

k0e = −U2
DCC0

d2 , k1e =
3
2d

, and k2e =
2
d2 . (11)

The linear electrostatic spring k0e is negative, and thus
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biasing also may be noisy, especially if it is implemented
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the magnitude of the noise at resonator input is needed to
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static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.

A. Mixing Due to Capacitive Current Nonlinearity

Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
capacitance. The capacitance is:

C(x) ≈ C0
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)
, (16)

where x0 is the resonator displacement at the excitation
frequency. The current through the resonator due to the
voltage un is then:
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∂(C(x)un)
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ẋ0un + C0u̇n. (17)

The first term in (17) isresponsible for the noise up-
conversion and results in noise current at ω0 ± ∆ω. Us-
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model is used, and the accurate nonlinear model is used
for the electromechanical transduction [14].

The nonlinear electrostatic spring constants are ob-
tained by a series expansion of the electrostatic force:
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Including terms up to the second order gives for the
electrostatic spring:
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, and k2e =
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The linear electrostatic spring k0e is negative, and thus
lowers the resonance frequency. Of the nonlinear terms, the
second-order correction k2e can be shown to dominate [1].

The electrostatic nonlinearity limits the resonator drive
level as at high-vibration amplitudes; the amplitude-
frequency curve is not a single valued function and oscilla-
tions may even become chaotic [1] [4]. Therefore, the max-
imum usable vibration amplitude can be estimated from
the largest vibration amplitude before a bifurcation. This
critical vibration amplitude can be written as [4], [15]:
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Defining the drive level as the motional current through
the resonator, the maximum drive level is given by (8) and
(12) and can be written as:

imax
m = ηω0xc. (14)

As will be seen in Section IV, the maximum drive level
sets the noise floor obtainable with microresonator-based
oscillator.

The analysis in this section assumed that the nonlinear-
ity is due to the capacitive spring effects, but (12) and (13)
are valid also for cases in which mechanical nonlinearities
dominate. As an example, in the comb drive actuated res-
onators, the capacitance depends linearly on displacement
[16]. In such a case, the nonlinear springs and the max-
imum vibration amplitude is estimated from mechanical
nonlinearities [4].

III. Aliasing of Noise in Microresonator

In addition to the nonlinear spring effects, the capaci-
tive coupling results in up- and down-conversion of noise.
As seen from the trigonometric identity:

2 cos∆ωt · cosω0t = cos (ω0 + ∆ω) t + cos (ω0 − ∆ω) t,
(15)

Fig. 4. Schematic representation of noise aliasing. Low-frequency
noise un(∆ω) present at filter input is aliased to carrier side-bands
ω0 ± ∆ω due to mixing in resonator.

the low-frequency noise signal at ∆ω multiplied with the
carrier signal at ω0 results in additional near-carrier noise
side-bands at ω0±∆ω. As illustrated in Fig. 5, this mixing
in the resonator causes aliasing of low-frequency noise to
carrier side-bands.

The aliasing of low-frequency noise can be very detri-
mental to the oscillator phase noise performance as
low-frequency 1/f -noise can be considerably larger than
the thermal noise floor. The typical low-frequency noise
sources present at the resonator input are the active sus-
taining elements (transistors) in the oscillator circuit that
may have a significant amount of 1/f -noise [17]. Resonator
biasing also may be noisy, especially if it is implemented
with a charge pump. Notably mechanical 1/f -noise also
may be significant if the resonator is scaled to nanome-
ter scale [18]. However, the noise up-mixing analysis pre-
sented here is not limited to a specific noise source as only
the magnitude of the noise at resonator input is needed to
predict noise aliasing in the resonator.

In this section, the noise up-mixing due to the elec-
trostatic coupling is analyzed. Mixing due to the electro-
static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.
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Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
capacitance. The capacitance is:
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The linear electrostatic spring k0e is negative, and thus
lowers the resonance frequency. Of the nonlinear terms, the
second-order correction k2e can be shown to dominate [1].
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sets the noise floor obtainable with microresonator-based
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The analysis in this section assumed that the nonlinear-
ity is due to the capacitive spring effects, but (12) and (13)
are valid also for cases in which mechanical nonlinearities
dominate. As an example, in the comb drive actuated res-
onators, the capacitance depends linearly on displacement
[16]. In such a case, the nonlinear springs and the max-
imum vibration amplitude is estimated from mechanical
nonlinearities [4].
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The aliasing of low-frequency noise can be very detri-
mental to the oscillator phase noise performance as
low-frequency 1/f -noise can be considerably larger than
the thermal noise floor. The typical low-frequency noise
sources present at the resonator input are the active sus-
taining elements (transistors) in the oscillator circuit that
may have a significant amount of 1/f -noise [17]. Resonator
biasing also may be noisy, especially if it is implemented
with a charge pump. Notably mechanical 1/f -noise also
may be significant if the resonator is scaled to nanome-
ter scale [18]. However, the noise up-mixing analysis pre-
sented here is not limited to a specific noise source as only
the magnitude of the noise at resonator input is needed to
predict noise aliasing in the resonator.

In this section, the noise up-mixing due to the elec-
trostatic coupling is analyzed. Mixing due to the electro-
static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.

A. Mixing Due to Capacitive Current Nonlinearity

Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
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voltage un is then:
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conversion and results in noise current at ω0 ± ∆ω. Us-

2324 ieee transactions on ultrasonics, ferroelectrics, and frequency control, vol. 52, no. 12, december 2005

model is used, and the accurate nonlinear model is used
for the electromechanical transduction [14].

The nonlinear electrostatic spring constants are ob-
tained by a series expansion of the electrostatic force:

F =
U2

dc

2
∂C

∂x
. (10)

Including terms up to the second order gives for the
electrostatic spring:

ke(x) = k0e(1 + k1ex + k2ex
2)

k0e = −U2
DCC0

d2 , k1e =
3
2d
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The linear electrostatic spring k0e is negative, and thus
lowers the resonance frequency. Of the nonlinear terms, the
second-order correction k2e can be shown to dominate [1].
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level as at high-vibration amplitudes; the amplitude-
frequency curve is not a single valued function and oscilla-
tions may even become chaotic [1] [4]. Therefore, the max-
imum usable vibration amplitude can be estimated from
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(12) and can be written as:
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As will be seen in Section IV, the maximum drive level
sets the noise floor obtainable with microresonator-based
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The analysis in this section assumed that the nonlinear-
ity is due to the capacitive spring effects, but (12) and (13)
are valid also for cases in which mechanical nonlinearities
dominate. As an example, in the comb drive actuated res-
onators, the capacitance depends linearly on displacement
[16]. In such a case, the nonlinear springs and the max-
imum vibration amplitude is estimated from mechanical
nonlinearities [4].
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the low-frequency noise signal at ∆ω multiplied with the
carrier signal at ω0 results in additional near-carrier noise
side-bands at ω0±∆ω. As illustrated in Fig. 5, this mixing
in the resonator causes aliasing of low-frequency noise to
carrier side-bands.

The aliasing of low-frequency noise can be very detri-
mental to the oscillator phase noise performance as
low-frequency 1/f -noise can be considerably larger than
the thermal noise floor. The typical low-frequency noise
sources present at the resonator input are the active sus-
taining elements (transistors) in the oscillator circuit that
may have a significant amount of 1/f -noise [17]. Resonator
biasing also may be noisy, especially if it is implemented
with a charge pump. Notably mechanical 1/f -noise also
may be significant if the resonator is scaled to nanome-
ter scale [18]. However, the noise up-mixing analysis pre-
sented here is not limited to a specific noise source as only
the magnitude of the noise at resonator input is needed to
predict noise aliasing in the resonator.

In this section, the noise up-mixing due to the elec-
trostatic coupling is analyzed. Mixing due to the electro-
static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.

A. Mixing Due to Capacitive Current Nonlinearity

Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
capacitance. The capacitance is:

C(x) ≈ C0
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where x0 is the resonator displacement at the excitation
frequency. The current through the resonator due to the
voltage un is then:

in =
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d
ẋ0un + C0u̇n. (17)

The first term in (17) isresponsible for the noise up-
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model is used, and the accurate nonlinear model is used
for the electromechanical transduction [14].

The nonlinear electrostatic spring constants are ob-
tained by a series expansion of the electrostatic force:

F =
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2
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. (10)

Including terms up to the second order gives for the
electrostatic spring:

ke(x) = k0e(1 + k1ex + k2ex
2)

k0e = −U2
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d2 , k1e =
3
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, and k2e =
2
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The linear electrostatic spring k0e is negative, and thus
lowers the resonance frequency. Of the nonlinear terms, the
second-order correction k2e can be shown to dominate [1].

The electrostatic nonlinearity limits the resonator drive
level as at high-vibration amplitudes; the amplitude-
frequency curve is not a single valued function and oscilla-
tions may even become chaotic [1] [4]. Therefore, the max-
imum usable vibration amplitude can be estimated from
the largest vibration amplitude before a bifurcation. This
critical vibration amplitude can be written as [4], [15]:
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Defining the drive level as the motional current through
the resonator, the maximum drive level is given by (8) and
(12) and can be written as:

imax
m = ηω0xc. (14)

As will be seen in Section IV, the maximum drive level
sets the noise floor obtainable with microresonator-based
oscillator.

The analysis in this section assumed that the nonlinear-
ity is due to the capacitive spring effects, but (12) and (13)
are valid also for cases in which mechanical nonlinearities
dominate. As an example, in the comb drive actuated res-
onators, the capacitance depends linearly on displacement
[16]. In such a case, the nonlinear springs and the max-
imum vibration amplitude is estimated from mechanical
nonlinearities [4].

III. Aliasing of Noise in Microresonator

In addition to the nonlinear spring effects, the capaci-
tive coupling results in up- and down-conversion of noise.
As seen from the trigonometric identity:

2 cos∆ωt · cosω0t = cos (ω0 + ∆ω) t + cos (ω0 − ∆ω) t,
(15)

Fig. 4. Schematic representation of noise aliasing. Low-frequency
noise un(∆ω) present at filter input is aliased to carrier side-bands
ω0 ± ∆ω due to mixing in resonator.

the low-frequency noise signal at ∆ω multiplied with the
carrier signal at ω0 results in additional near-carrier noise
side-bands at ω0±∆ω. As illustrated in Fig. 5, this mixing
in the resonator causes aliasing of low-frequency noise to
carrier side-bands.

The aliasing of low-frequency noise can be very detri-
mental to the oscillator phase noise performance as
low-frequency 1/f -noise can be considerably larger than
the thermal noise floor. The typical low-frequency noise
sources present at the resonator input are the active sus-
taining elements (transistors) in the oscillator circuit that
may have a significant amount of 1/f -noise [17]. Resonator
biasing also may be noisy, especially if it is implemented
with a charge pump. Notably mechanical 1/f -noise also
may be significant if the resonator is scaled to nanome-
ter scale [18]. However, the noise up-mixing analysis pre-
sented here is not limited to a specific noise source as only
the magnitude of the noise at resonator input is needed to
predict noise aliasing in the resonator.

In this section, the noise up-mixing due to the elec-
trostatic coupling is analyzed. Mixing due to the electro-
static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.

A. Mixing Due to Capacitive Current Nonlinearity

Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
capacitance. The capacitance is:

C(x) ≈ C0

(
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)
, (16)

where x0 is the resonator displacement at the excitation
frequency. The current through the resonator due to the
voltage un is then:

in =
∂(C(x)un)

∂t
≈ C0

d
ẋ0un + C0u̇n. (17)

The first term in (17) isresponsible for the noise up-
conversion and results in noise current at ω0 ± ∆ω. Us-
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model is used, and the accurate nonlinear model is used
for the electromechanical transduction [14].

The nonlinear electrostatic spring constants are ob-
tained by a series expansion of the electrostatic force:
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The linear electrostatic spring k0e is negative, and thus
lowers the resonance frequency. Of the nonlinear terms, the
second-order correction k2e can be shown to dominate [1].

The electrostatic nonlinearity limits the resonator drive
level as at high-vibration amplitudes; the amplitude-
frequency curve is not a single valued function and oscilla-
tions may even become chaotic [1] [4]. Therefore, the max-
imum usable vibration amplitude can be estimated from
the largest vibration amplitude before a bifurcation. This
critical vibration amplitude can be written as [4], [15]:

xc =
2√

3
√

3Q|κ|
, (12)

where:

κ =
3k2ek0e

8k
− 5k2

1ek
2
0e

12k2 . (13)

Defining the drive level as the motional current through
the resonator, the maximum drive level is given by (8) and
(12) and can be written as:
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m = ηω0xc. (14)

As will be seen in Section IV, the maximum drive level
sets the noise floor obtainable with microresonator-based
oscillator.

The analysis in this section assumed that the nonlinear-
ity is due to the capacitive spring effects, but (12) and (13)
are valid also for cases in which mechanical nonlinearities
dominate. As an example, in the comb drive actuated res-
onators, the capacitance depends linearly on displacement
[16]. In such a case, the nonlinear springs and the max-
imum vibration amplitude is estimated from mechanical
nonlinearities [4].

III. Aliasing of Noise in Microresonator

In addition to the nonlinear spring effects, the capaci-
tive coupling results in up- and down-conversion of noise.
As seen from the trigonometric identity:

2 cos∆ωt · cosω0t = cos (ω0 + ∆ω) t + cos (ω0 − ∆ω) t,
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Fig. 4. Schematic representation of noise aliasing. Low-frequency
noise un(∆ω) present at filter input is aliased to carrier side-bands
ω0 ± ∆ω due to mixing in resonator.

the low-frequency noise signal at ∆ω multiplied with the
carrier signal at ω0 results in additional near-carrier noise
side-bands at ω0±∆ω. As illustrated in Fig. 5, this mixing
in the resonator causes aliasing of low-frequency noise to
carrier side-bands.

The aliasing of low-frequency noise can be very detri-
mental to the oscillator phase noise performance as
low-frequency 1/f -noise can be considerably larger than
the thermal noise floor. The typical low-frequency noise
sources present at the resonator input are the active sus-
taining elements (transistors) in the oscillator circuit that
may have a significant amount of 1/f -noise [17]. Resonator
biasing also may be noisy, especially if it is implemented
with a charge pump. Notably mechanical 1/f -noise also
may be significant if the resonator is scaled to nanome-
ter scale [18]. However, the noise up-mixing analysis pre-
sented here is not limited to a specific noise source as only
the magnitude of the noise at resonator input is needed to
predict noise aliasing in the resonator.

In this section, the noise up-mixing due to the elec-
trostatic coupling is analyzed. Mixing due to the electro-
static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.

A. Mixing Due to Capacitive Current Nonlinearity

Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
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where x0 is the resonator displacement at the excitation
frequency. The current through the resonator due to the
voltage un is then:
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The first term in (17) isresponsible for the noise up-
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lowers the resonance frequency. Of the nonlinear terms, the
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dominate. As an example, in the comb drive actuated res-
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the low-frequency noise signal at ∆ω multiplied with the
carrier signal at ω0 results in additional near-carrier noise
side-bands at ω0±∆ω. As illustrated in Fig. 5, this mixing
in the resonator causes aliasing of low-frequency noise to
carrier side-bands.

The aliasing of low-frequency noise can be very detri-
mental to the oscillator phase noise performance as
low-frequency 1/f -noise can be considerably larger than
the thermal noise floor. The typical low-frequency noise
sources present at the resonator input are the active sus-
taining elements (transistors) in the oscillator circuit that
may have a significant amount of 1/f -noise [17]. Resonator
biasing also may be noisy, especially if it is implemented
with a charge pump. Notably mechanical 1/f -noise also
may be significant if the resonator is scaled to nanome-
ter scale [18]. However, the noise up-mixing analysis pre-
sented here is not limited to a specific noise source as only
the magnitude of the noise at resonator input is needed to
predict noise aliasing in the resonator.

In this section, the noise up-mixing due to the elec-
trostatic coupling is analyzed. Mixing due to the electro-
static transduction is compared to mixing due to nonlinear
spring effects. As Fig. 4 indicates, the analysis in this sec-
tion is an open-loop, up-conversion analysis of different
up-mixing mechanisms. The closed-loop oscillator analy-
sis, including the effect of positive feedback, is presented
in Section IV.

A. Mixing Due to Capacitive Current Nonlinearity

Fig. 5(a) illustrates how low-frequency noise un at ∆ω
is mixed to a higher frequency due to the time varying gap
capacitance. The capacitance is:

C(x) ≈ C0

(
1 +

x0

d

)
, (16)

where x0 is the resonator displacement at the excitation
frequency. The current through the resonator due to the
voltage un is then:

in =
∂(C(x)un)

∂t
≈ C0

d
ẋ0un + C0u̇n. (17)

The first term in (17) isresponsible for the noise up-
conversion and results in noise current at ω0 ± ∆ω. Us-
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placement x) results in up-converted noise current. (b) Square force
law results in mixing of noise and signal voltages, un and uac, respec-
tively. (c) Nonlinear spring force results in mixing of low-frequency
and signal frequency vibrations.

ing the relation between the signal voltage and resonator
displacement given by (2) and (8), the up-converted noise
current due to capacitive current mixing can be written as:

icn = 2Γcuacun, (18)

where we have defined the current aliasing factor:

Γc =
Qω0η2

2kUdc
. (19)

As (15) shows, the current icn given by (18) has equal
amplitudes at frequencies ω0 ± ∆ω.

B. Mixing Due to Capacitive Force Nonlinearity

The second main up-conversion avenue is illustrated in
Fig. 5(b). Due to the square force law, the low-frequency
noise voltage un at ∆ω is mixed with the high frequency
signal voltage uac at ω0. The capacitive force is given by:

Fn =
U2

2
∂C

∂x
≈ (Udc + uac + un)2

2
C0

d

(
1 + 2

x0

d

)
,
(20)

where the first three terms of power series expansion of the
capacitance have been kept. The products uacun and xun

result in up-converted noise at ω0 ± ∆ω. Thus, the force
at ω0 ± ∆ω is:

Fn(ω0 ± ∆ω) ≈ C0

d
uacun + 2

C0

d

x0

d
Udcun.

(21)

This high-frequency noise force near the resonator reso-
nance excites the resonator, and the displacement is given
by (3). Close to the resonance, the noise-induced displace-
ment is:

xF
n ≈ −jQ

Fn

k
, (22)

and the resulting noise current is:

iFn = ηẋn = −jηω0xn. (23)

Substituting (21) and (22) to (23) and using x0 =
−jQηuac/k leads to:

iFn = 2ΓF uacun, (24)

where we have defined the force aliasing factor:

ΓF ≈ Qω0η2

2kUdc

(
1 − j2

QηUdc

kd

)
. (25)

Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2
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(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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As (15) shows, the current icn given by (18) has equal
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The second main up-conversion avenue is illustrated in
Fig. 5(b). Due to the square force law, the low-frequency
noise voltage un at ∆ω is mixed with the high frequency
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where the first three terms of power series expansion of the
capacitance have been kept. The products uacun and xun

result in up-converted noise at ω0 ± ∆ω. Thus, the force
at ω0 ± ∆ω is:

Fn(ω0 ± ∆ω) ≈ C0
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uacun + 2

C0

d

x0

d
Udcun.

(21)

This high-frequency noise force near the resonator reso-
nance excites the resonator, and the displacement is given
by (3). Close to the resonance, the noise-induced displace-
ment is:

xF
n ≈ −jQ

Fn

k
, (22)

and the resulting noise current is:

iFn = ηẋn = −jηω0xn. (23)

Substituting (21) and (22) to (23) and using x0 =
−jQηuac/k leads to:

iFn = 2ΓF uacun, (24)

where we have defined the force aliasing factor:

ΓF ≈ Qω0η2
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(
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QηUdc
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)
. (25)

Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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Mixing: Capacitive Force Non-Linearity

• The form is the same as the capacitance non-linearity, 
but the magnitude is much higher and dominates for 
most resonators.  A linear coupling capacitor has much 
reduced noise up-conversion
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Fig. 5. Different mixing mechanism for the noise voltage un at ∆ω to
high-frequency noise current. (a) Time-varying capacitor (plate dis-
placement x) results in up-converted noise current. (b) Square force
law results in mixing of noise and signal voltages, un and uac, respec-
tively. (c) Nonlinear spring force results in mixing of low-frequency
and signal frequency vibrations.

ing the relation between the signal voltage and resonator
displacement given by (2) and (8), the up-converted noise
current due to capacitive current mixing can be written as:

icn = 2Γcuacun, (18)

where we have defined the current aliasing factor:

Γc =
Qω0η2

2kUdc
. (19)

As (15) shows, the current icn given by (18) has equal
amplitudes at frequencies ω0 ± ∆ω.

B. Mixing Due to Capacitive Force Nonlinearity

The second main up-conversion avenue is illustrated in
Fig. 5(b). Due to the square force law, the low-frequency
noise voltage un at ∆ω is mixed with the high frequency
signal voltage uac at ω0. The capacitive force is given by:

Fn =
U2

2
∂C

∂x
≈ (Udc + uac + un)2

2
C0

d

(
1 + 2

x0

d

)
,
(20)

where the first three terms of power series expansion of the
capacitance have been kept. The products uacun and xun

result in up-converted noise at ω0 ± ∆ω. Thus, the force
at ω0 ± ∆ω is:

Fn(ω0 ± ∆ω) ≈ C0

d
uacun + 2

C0

d

x0

d
Udcun.

(21)

This high-frequency noise force near the resonator reso-
nance excites the resonator, and the displacement is given
by (3). Close to the resonance, the noise-induced displace-
ment is:

xF
n ≈ −jQ

Fn

k
, (22)

and the resulting noise current is:

iFn = ηẋn = −jηω0xn. (23)

Substituting (21) and (22) to (23) and using x0 =
−jQηuac/k leads to:

iFn = 2ΓF uacun, (24)

where we have defined the force aliasing factor:

ΓF ≈ Qω0η2

2kUdc

(
1 − j2

QηUdc

kd

)
. (25)

Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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tively. (c) Nonlinear spring force results in mixing of low-frequency
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ing the relation between the signal voltage and resonator
displacement given by (2) and (8), the up-converted noise
current due to capacitive current mixing can be written as:

icn = 2Γcuacun, (18)

where we have defined the current aliasing factor:

Γc =
Qω0η2

2kUdc
. (19)

As (15) shows, the current icn given by (18) has equal
amplitudes at frequencies ω0 ± ∆ω.

B. Mixing Due to Capacitive Force Nonlinearity

The second main up-conversion avenue is illustrated in
Fig. 5(b). Due to the square force law, the low-frequency
noise voltage un at ∆ω is mixed with the high frequency
signal voltage uac at ω0. The capacitive force is given by:

Fn =
U2

2
∂C

∂x
≈ (Udc + uac + un)2

2
C0

d

(
1 + 2

x0

d

)
,
(20)

where the first three terms of power series expansion of the
capacitance have been kept. The products uacun and xun

result in up-converted noise at ω0 ± ∆ω. Thus, the force
at ω0 ± ∆ω is:

Fn(ω0 ± ∆ω) ≈ C0

d
uacun + 2

C0

d

x0

d
Udcun.

(21)

This high-frequency noise force near the resonator reso-
nance excites the resonator, and the displacement is given
by (3). Close to the resonance, the noise-induced displace-
ment is:

xF
n ≈ −jQ

Fn

k
, (22)

and the resulting noise current is:

iFn = ηẋn = −jηω0xn. (23)

Substituting (21) and (22) to (23) and using x0 =
−jQηuac/k leads to:

iFn = 2ΓF uacun, (24)

where we have defined the force aliasing factor:

ΓF ≈ Qω0η2

2kUdc

(
1 − j2

QηUdc

kd

)
. (25)

Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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ing the relation between the signal voltage and resonator
displacement given by (2) and (8), the up-converted noise
current due to capacitive current mixing can be written as:

icn = 2Γcuacun, (18)

where we have defined the current aliasing factor:

Γc =
Qω0η2

2kUdc
. (19)

As (15) shows, the current icn given by (18) has equal
amplitudes at frequencies ω0 ± ∆ω.

B. Mixing Due to Capacitive Force Nonlinearity

The second main up-conversion avenue is illustrated in
Fig. 5(b). Due to the square force law, the low-frequency
noise voltage un at ∆ω is mixed with the high frequency
signal voltage uac at ω0. The capacitive force is given by:

Fn =
U2
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,
(20)

where the first three terms of power series expansion of the
capacitance have been kept. The products uacun and xun

result in up-converted noise at ω0 ± ∆ω. Thus, the force
at ω0 ± ∆ω is:

Fn(ω0 ± ∆ω) ≈ C0

d
uacun + 2
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This high-frequency noise force near the resonator reso-
nance excites the resonator, and the displacement is given
by (3). Close to the resonance, the noise-induced displace-
ment is:

xF
n ≈ −jQ

Fn

k
, (22)

and the resulting noise current is:

iFn = ηẋn = −jηω0xn. (23)

Substituting (21) and (22) to (23) and using x0 =
−jQηuac/k leads to:

iFn = 2ΓF uacun, (24)

where we have defined the force aliasing factor:

ΓF ≈ Qω0η2

2kUdc

(
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)
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Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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As (15) shows, the current icn given by (18) has equal
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Fn(ω0 ± ∆ω) ≈ C0

d
uacun + 2

C0

d

x0

d
Udcun.

(21)
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and the resulting noise current is:
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Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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ing the relation between the signal voltage and resonator
displacement given by (2) and (8), the up-converted noise
current due to capacitive current mixing can be written as:

icn = 2Γcuacun, (18)

where we have defined the current aliasing factor:
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As (15) shows, the current icn given by (18) has equal
amplitudes at frequencies ω0 ± ∆ω.
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The second main up-conversion avenue is illustrated in
Fig. 5(b). Due to the square force law, the low-frequency
noise voltage un at ∆ω is mixed with the high frequency
signal voltage uac at ω0. The capacitive force is given by:
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where the first three terms of power series expansion of the
capacitance have been kept. The products uacun and xun

result in up-converted noise at ω0 ± ∆ω. Thus, the force
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This high-frequency noise force near the resonator reso-
nance excites the resonator, and the displacement is given
by (3). Close to the resonance, the noise-induced displace-
ment is:
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and the resulting noise current is:

iFn = ηẋn = −jηω0xn. (23)

Substituting (21) and (22) to (23) and using x0 =
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Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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Mixing: Non-Linear Spring Force

• Amplitude of noise at low-frequency is very small due 
to resonator Q.  The noise is up-converted through 
the spring non-linearity.

• This term is the smallest of the three, about 500X 
smaller than the capacitance non-linearity.
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TABLE I
Resonator Characteristics at Udc = 20 V.

Parameter Symbol Value Units

Resonance frequency f0 13.2 [MHz]
Effective spring constant k 16.8 [MN/m]
Effective mass m 2.44 [nkg]
Quality factor Q 100,000
Electrode area Ael 12,000 [µm2]
Transducer gap d 0.2 [µm]
Motional capacitance Cm 168 [aF]
Motional inductance Lm 867 [mH]
Motional resistance Rm 718 [Ω]
Critical amplitude xc 36.0 [nm]

C. Mixing Due to Nonlinear Spring Force

The up-conversion avenue due to nonlinear spring force
is illustrated in Fig. 5(c). The force due to the noise voltage
Fn = ηun results in low-frequency resonator vibrations.
Because these vibrations are far from the resonance, the
amplitude is given by:

xn = H(ω)Fn ≈ ηun

k
. (27)

Due to the nonlinear spring effects, these low-frequency
vibrations are multiplied with the vibrations at the signal
frequency. Assuming spring force F = k0x(1 + k1x) and
substituting x = x0 + xn, the up-converted noise force is:

F k
n = 2k0k1x0xn. (28)

The resulting current can be evaluated as in Section III-
B. Assuming that the nonlinear spring is dominated by
the capacitive effects given by (11), the up-converted noise
current due to nonlinear spring mixing is given by:

ikn = 2Γkuacun, (29)

where we have defined the spring aliasing factor:

Γk = j
3Q2ω0η4Udc

2d2k3 . (30)

D. Comparison of Mixing Mechanisms

The ratio of aliasing factors due to the current up-
conversion and nonlinear spring mixing given by (19) and
(30), respectively, is:

∣∣∣∣
Γc

Γk

∣∣∣∣ =
1

3Q

(
dk

ηUDC

)2

. (31)

Substituting typical microresonator parameters (Ta-
ble I) into (31) gives |Γc/Γk| ≈ 500. Thus, we can conclude
that the main aliasing mechanism is the nonlinear electro-
static transduction (capacitive current and force nonlin-
earity) and not the nonlinear spring effects.

For a linear capacitance C(x) = C0(1 + x/d), the alias-
ing factors for the current and force up-conversions given

by (19) and (26), respectively, are equal. Substituting typ-
ical microresonator parameters (Table I) into (31) gives
|Γc| = |ΓF | = 34.8 µA/V2 (linear C). With the inclusion
of the nonlinear terms in capacitance, the force aliasing
factor given by (25) is |ΓF | = 2.2 mA/V2. As noted be-
fore, this is 63 times larger than for a linear capacitance.
Thus, for a parallel plate coupling capacitor, the force up-
mixing is the dominant aliasing path.

E. Simulation of Noise Aliasing

To verify the analytical results, the aliasing of a low-
frequency signal was simulated with a harmonic balance
circuit simulator [14]. The resonator was excited using a
high-frequency signal at the resonance frequency and a
small-frequency signal at frequency ∆f . Fig. 6(a) shows
the simulated aliasing factors Γ at different frequencies
∆f obtained using the accurate model with all capaci-
tive nonlinearities included [14]. At small-frequency off-
sets (∆f < f0/2Q) the magnitude of aliasing factor is
very close to the analytical estimate of |Γ| = 2.2 mA/V2

given by:

Γ = ΓF + Γc, (32)

where ΓF and Γc are given by (25) and (19), respectively.
Outside the resonator bandwidth (∆f > f0/2Q), the alias-
ing is significantly reduced as the motion is not enhanced
by the resonator quality factor.

For a linear capacitor, the aliasing shown in Fig. 6(b)
is smaller by a factor of 63. Again, the result is close to
the analytical result of Γ = 69.6 µA/V2 given by the sum
of (19) and (26). Figs. 6(c) and (d) show the aliasing with
only the force and current nonlinearity included in the
model, respectively. It is shown that, for small-frequency
offsets (∆f < f0/2Q), both effects are equal and agree
with (19) and (26). At higher offsets, the effect of force
nonlinearity is reduced as the resonator is not excited far
from the resonance. The aliasing due to current nonlinear-
ity does not show this effect as it is due to direct modula-
tion of the capacitance.

To further validate the noise aliasing analysis, the alias-
ing factors were simulated at different noise levels. The
aliasing factors remained unchanged to noise voltages less
than 10 mV. At higher noise levels, the oscillation fre-
quency was changed as the noise started to be significant
in comparison to bias voltage. As the typical noise levels
are less than 1 µV/

√
Hz, the first-order mixing analysis

is enough for accurate estimation of noise aliasing in the
resonator.

IV. Analytical Phase Noise Model

Here an analytical model for the noise in a closed-
loop micromechanical oscillator is developed. The model
is based on well-known Leeson’s model for the phase noise
[7] [8] [10] and is expanded to incorporate the 1/f -noise
aliasing in microresonators.
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(a) (b)

(c)

Fig. 5. Different mixing mechanism for the noise voltage un at ∆ω to
high-frequency noise current. (a) Time-varying capacitor (plate dis-
placement x) results in up-converted noise current. (b) Square force
law results in mixing of noise and signal voltages, un and uac, respec-
tively. (c) Nonlinear spring force results in mixing of low-frequency
and signal frequency vibrations.

ing the relation between the signal voltage and resonator
displacement given by (2) and (8), the up-converted noise
current due to capacitive current mixing can be written as:

icn = 2Γcuacun, (18)

where we have defined the current aliasing factor:

Γc =
Qω0η2

2kUdc
. (19)

As (15) shows, the current icn given by (18) has equal
amplitudes at frequencies ω0 ± ∆ω.

B. Mixing Due to Capacitive Force Nonlinearity

The second main up-conversion avenue is illustrated in
Fig. 5(b). Due to the square force law, the low-frequency
noise voltage un at ∆ω is mixed with the high frequency
signal voltage uac at ω0. The capacitive force is given by:

Fn =
U2

2
∂C

∂x
≈ (Udc + uac + un)2

2
C0

d

(
1 + 2

x0

d

)
,
(20)

where the first three terms of power series expansion of the
capacitance have been kept. The products uacun and xun

result in up-converted noise at ω0 ± ∆ω. Thus, the force
at ω0 ± ∆ω is:

Fn(ω0 ± ∆ω) ≈ C0

d
uacun + 2

C0

d

x0

d
Udcun.

(21)

This high-frequency noise force near the resonator reso-
nance excites the resonator, and the displacement is given
by (3). Close to the resonance, the noise-induced displace-
ment is:

xF
n ≈ −jQ

Fn

k
, (22)

and the resulting noise current is:

iFn = ηẋn = −jηω0xn. (23)

Substituting (21) and (22) to (23) and using x0 =
−jQηuac/k leads to:

iFn = 2ΓF uacun, (24)

where we have defined the force aliasing factor:

ΓF ≈ Qω0η2

2kUdc

(
1 − j2

QηUdc

kd

)
. (25)

Here the first term in brackets is due to the square
force law [product uacun in (20)], and the second term
in brackets is due to the nonlinear capacitance [prod-
uct xun in (20)]. If we had kept only the first term of
the power series expansion of capacitance [linear capaci-
tance, C(x) = C0(1 + x/d)], then the force aliasing factor
would be:

ΓF ≈ Qω0η2

2kUdc
(linear C), (26)

which is the same as the current aliasing factor given
by (19).

It is of interest to compare the two terms in brackets in
(25). Substituting typical microresonator parameters (Ta-
ble I) gives (2QηUdc/kd) ≈ 63. Thus, the second term in
brackets in (25) is the dominant term and the noise alias-
ing could be significantly reduced with a linear coupling
capacitor.
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TABLE I
Resonator Characteristics at Udc = 20 V.

Parameter Symbol Value Units

Resonance frequency f0 13.2 [MHz]
Effective spring constant k 16.8 [MN/m]
Effective mass m 2.44 [nkg]
Quality factor Q 100,000
Electrode area Ael 12,000 [µm2]
Transducer gap d 0.2 [µm]
Motional capacitance Cm 168 [aF]
Motional inductance Lm 867 [mH]
Motional resistance Rm 718 [Ω]
Critical amplitude xc 36.0 [nm]

C. Mixing Due to Nonlinear Spring Force

The up-conversion avenue due to nonlinear spring force
is illustrated in Fig. 5(c). The force due to the noise voltage
Fn = ηun results in low-frequency resonator vibrations.
Because these vibrations are far from the resonance, the
amplitude is given by:

xn = H(ω)Fn ≈ ηun

k
. (27)

Due to the nonlinear spring effects, these low-frequency
vibrations are multiplied with the vibrations at the signal
frequency. Assuming spring force F = k0x(1 + k1x) and
substituting x = x0 + xn, the up-converted noise force is:

F k
n = 2k0k1x0xn. (28)

The resulting current can be evaluated as in Section III-
B. Assuming that the nonlinear spring is dominated by
the capacitive effects given by (11), the up-converted noise
current due to nonlinear spring mixing is given by:

ikn = 2Γkuacun, (29)

where we have defined the spring aliasing factor:

Γk = j
3Q2ω0η4Udc

2d2k3 . (30)

D. Comparison of Mixing Mechanisms

The ratio of aliasing factors due to the current up-
conversion and nonlinear spring mixing given by (19) and
(30), respectively, is:

∣∣∣∣
Γc

Γk

∣∣∣∣ =
1

3Q

(
dk

ηUDC

)2

. (31)

Substituting typical microresonator parameters (Ta-
ble I) into (31) gives |Γc/Γk| ≈ 500. Thus, we can conclude
that the main aliasing mechanism is the nonlinear electro-
static transduction (capacitive current and force nonlin-
earity) and not the nonlinear spring effects.

For a linear capacitance C(x) = C0(1 + x/d), the alias-
ing factors for the current and force up-conversions given

by (19) and (26), respectively, are equal. Substituting typ-
ical microresonator parameters (Table I) into (31) gives
|Γc| = |ΓF | = 34.8 µA/V2 (linear C). With the inclusion
of the nonlinear terms in capacitance, the force aliasing
factor given by (25) is |ΓF | = 2.2 mA/V2. As noted be-
fore, this is 63 times larger than for a linear capacitance.
Thus, for a parallel plate coupling capacitor, the force up-
mixing is the dominant aliasing path.

E. Simulation of Noise Aliasing

To verify the analytical results, the aliasing of a low-
frequency signal was simulated with a harmonic balance
circuit simulator [14]. The resonator was excited using a
high-frequency signal at the resonance frequency and a
small-frequency signal at frequency ∆f . Fig. 6(a) shows
the simulated aliasing factors Γ at different frequencies
∆f obtained using the accurate model with all capaci-
tive nonlinearities included [14]. At small-frequency off-
sets (∆f < f0/2Q) the magnitude of aliasing factor is
very close to the analytical estimate of |Γ| = 2.2 mA/V2

given by:

Γ = ΓF + Γc, (32)

where ΓF and Γc are given by (25) and (19), respectively.
Outside the resonator bandwidth (∆f > f0/2Q), the alias-
ing is significantly reduced as the motion is not enhanced
by the resonator quality factor.

For a linear capacitor, the aliasing shown in Fig. 6(b)
is smaller by a factor of 63. Again, the result is close to
the analytical result of Γ = 69.6 µA/V2 given by the sum
of (19) and (26). Figs. 6(c) and (d) show the aliasing with
only the force and current nonlinearity included in the
model, respectively. It is shown that, for small-frequency
offsets (∆f < f0/2Q), both effects are equal and agree
with (19) and (26). At higher offsets, the effect of force
nonlinearity is reduced as the resonator is not excited far
from the resonance. The aliasing due to current nonlinear-
ity does not show this effect as it is due to direct modula-
tion of the capacitance.

To further validate the noise aliasing analysis, the alias-
ing factors were simulated at different noise levels. The
aliasing factors remained unchanged to noise voltages less
than 10 mV. At higher noise levels, the oscillation fre-
quency was changed as the noise started to be significant
in comparison to bias voltage. As the typical noise levels
are less than 1 µV/

√
Hz, the first-order mixing analysis

is enough for accurate estimation of noise aliasing in the
resonator.

IV. Analytical Phase Noise Model

Here an analytical model for the noise in a closed-
loop micromechanical oscillator is developed. The model
is based on well-known Leeson’s model for the phase noise
[7] [8] [10] and is expanded to incorporate the 1/f -noise
aliasing in microresonators.
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TABLE I
Resonator Characteristics at Udc = 20 V.

Parameter Symbol Value Units

Resonance frequency f0 13.2 [MHz]
Effective spring constant k 16.8 [MN/m]
Effective mass m 2.44 [nkg]
Quality factor Q 100,000
Electrode area Ael 12,000 [µm2]
Transducer gap d 0.2 [µm]
Motional capacitance Cm 168 [aF]
Motional inductance Lm 867 [mH]
Motional resistance Rm 718 [Ω]
Critical amplitude xc 36.0 [nm]

C. Mixing Due to Nonlinear Spring Force

The up-conversion avenue due to nonlinear spring force
is illustrated in Fig. 5(c). The force due to the noise voltage
Fn = ηun results in low-frequency resonator vibrations.
Because these vibrations are far from the resonance, the
amplitude is given by:

xn = H(ω)Fn ≈ ηun

k
. (27)

Due to the nonlinear spring effects, these low-frequency
vibrations are multiplied with the vibrations at the signal
frequency. Assuming spring force F = k0x(1 + k1x) and
substituting x = x0 + xn, the up-converted noise force is:

F k
n = 2k0k1x0xn. (28)

The resulting current can be evaluated as in Section III-
B. Assuming that the nonlinear spring is dominated by
the capacitive effects given by (11), the up-converted noise
current due to nonlinear spring mixing is given by:

ikn = 2Γkuacun, (29)

where we have defined the spring aliasing factor:

Γk = j
3Q2ω0η4Udc

2d2k3 . (30)

D. Comparison of Mixing Mechanisms

The ratio of aliasing factors due to the current up-
conversion and nonlinear spring mixing given by (19) and
(30), respectively, is:

∣∣∣∣
Γc

Γk

∣∣∣∣ =
1

3Q

(
dk

ηUDC

)2

. (31)

Substituting typical microresonator parameters (Ta-
ble I) into (31) gives |Γc/Γk| ≈ 500. Thus, we can conclude
that the main aliasing mechanism is the nonlinear electro-
static transduction (capacitive current and force nonlin-
earity) and not the nonlinear spring effects.

For a linear capacitance C(x) = C0(1 + x/d), the alias-
ing factors for the current and force up-conversions given

by (19) and (26), respectively, are equal. Substituting typ-
ical microresonator parameters (Table I) into (31) gives
|Γc| = |ΓF | = 34.8 µA/V2 (linear C). With the inclusion
of the nonlinear terms in capacitance, the force aliasing
factor given by (25) is |ΓF | = 2.2 mA/V2. As noted be-
fore, this is 63 times larger than for a linear capacitance.
Thus, for a parallel plate coupling capacitor, the force up-
mixing is the dominant aliasing path.

E. Simulation of Noise Aliasing

To verify the analytical results, the aliasing of a low-
frequency signal was simulated with a harmonic balance
circuit simulator [14]. The resonator was excited using a
high-frequency signal at the resonance frequency and a
small-frequency signal at frequency ∆f . Fig. 6(a) shows
the simulated aliasing factors Γ at different frequencies
∆f obtained using the accurate model with all capaci-
tive nonlinearities included [14]. At small-frequency off-
sets (∆f < f0/2Q) the magnitude of aliasing factor is
very close to the analytical estimate of |Γ| = 2.2 mA/V2

given by:

Γ = ΓF + Γc, (32)

where ΓF and Γc are given by (25) and (19), respectively.
Outside the resonator bandwidth (∆f > f0/2Q), the alias-
ing is significantly reduced as the motion is not enhanced
by the resonator quality factor.

For a linear capacitor, the aliasing shown in Fig. 6(b)
is smaller by a factor of 63. Again, the result is close to
the analytical result of Γ = 69.6 µA/V2 given by the sum
of (19) and (26). Figs. 6(c) and (d) show the aliasing with
only the force and current nonlinearity included in the
model, respectively. It is shown that, for small-frequency
offsets (∆f < f0/2Q), both effects are equal and agree
with (19) and (26). At higher offsets, the effect of force
nonlinearity is reduced as the resonator is not excited far
from the resonance. The aliasing due to current nonlinear-
ity does not show this effect as it is due to direct modula-
tion of the capacitance.

To further validate the noise aliasing analysis, the alias-
ing factors were simulated at different noise levels. The
aliasing factors remained unchanged to noise voltages less
than 10 mV. At higher noise levels, the oscillation fre-
quency was changed as the noise started to be significant
in comparison to bias voltage. As the typical noise levels
are less than 1 µV/

√
Hz, the first-order mixing analysis

is enough for accurate estimation of noise aliasing in the
resonator.

IV. Analytical Phase Noise Model

Here an analytical model for the noise in a closed-
loop micromechanical oscillator is developed. The model
is based on well-known Leeson’s model for the phase noise
[7] [8] [10] and is expanded to incorporate the 1/f -noise
aliasing in microresonators.
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TABLE I
Resonator Characteristics at Udc = 20 V.

Parameter Symbol Value Units

Resonance frequency f0 13.2 [MHz]
Effective spring constant k 16.8 [MN/m]
Effective mass m 2.44 [nkg]
Quality factor Q 100,000
Electrode area Ael 12,000 [µm2]
Transducer gap d 0.2 [µm]
Motional capacitance Cm 168 [aF]
Motional inductance Lm 867 [mH]
Motional resistance Rm 718 [Ω]
Critical amplitude xc 36.0 [nm]

C. Mixing Due to Nonlinear Spring Force

The up-conversion avenue due to nonlinear spring force
is illustrated in Fig. 5(c). The force due to the noise voltage
Fn = ηun results in low-frequency resonator vibrations.
Because these vibrations are far from the resonance, the
amplitude is given by:

xn = H(ω)Fn ≈ ηun

k
. (27)

Due to the nonlinear spring effects, these low-frequency
vibrations are multiplied with the vibrations at the signal
frequency. Assuming spring force F = k0x(1 + k1x) and
substituting x = x0 + xn, the up-converted noise force is:

F k
n = 2k0k1x0xn. (28)

The resulting current can be evaluated as in Section III-
B. Assuming that the nonlinear spring is dominated by
the capacitive effects given by (11), the up-converted noise
current due to nonlinear spring mixing is given by:

ikn = 2Γkuacun, (29)

where we have defined the spring aliasing factor:

Γk = j
3Q2ω0η4Udc

2d2k3 . (30)

D. Comparison of Mixing Mechanisms

The ratio of aliasing factors due to the current up-
conversion and nonlinear spring mixing given by (19) and
(30), respectively, is:

∣∣∣∣
Γc

Γk

∣∣∣∣ =
1

3Q

(
dk

ηUDC

)2

. (31)

Substituting typical microresonator parameters (Ta-
ble I) into (31) gives |Γc/Γk| ≈ 500. Thus, we can conclude
that the main aliasing mechanism is the nonlinear electro-
static transduction (capacitive current and force nonlin-
earity) and not the nonlinear spring effects.

For a linear capacitance C(x) = C0(1 + x/d), the alias-
ing factors for the current and force up-conversions given

by (19) and (26), respectively, are equal. Substituting typ-
ical microresonator parameters (Table I) into (31) gives
|Γc| = |ΓF | = 34.8 µA/V2 (linear C). With the inclusion
of the nonlinear terms in capacitance, the force aliasing
factor given by (25) is |ΓF | = 2.2 mA/V2. As noted be-
fore, this is 63 times larger than for a linear capacitance.
Thus, for a parallel plate coupling capacitor, the force up-
mixing is the dominant aliasing path.

E. Simulation of Noise Aliasing

To verify the analytical results, the aliasing of a low-
frequency signal was simulated with a harmonic balance
circuit simulator [14]. The resonator was excited using a
high-frequency signal at the resonance frequency and a
small-frequency signal at frequency ∆f . Fig. 6(a) shows
the simulated aliasing factors Γ at different frequencies
∆f obtained using the accurate model with all capaci-
tive nonlinearities included [14]. At small-frequency off-
sets (∆f < f0/2Q) the magnitude of aliasing factor is
very close to the analytical estimate of |Γ| = 2.2 mA/V2

given by:

Γ = ΓF + Γc, (32)

where ΓF and Γc are given by (25) and (19), respectively.
Outside the resonator bandwidth (∆f > f0/2Q), the alias-
ing is significantly reduced as the motion is not enhanced
by the resonator quality factor.

For a linear capacitor, the aliasing shown in Fig. 6(b)
is smaller by a factor of 63. Again, the result is close to
the analytical result of Γ = 69.6 µA/V2 given by the sum
of (19) and (26). Figs. 6(c) and (d) show the aliasing with
only the force and current nonlinearity included in the
model, respectively. It is shown that, for small-frequency
offsets (∆f < f0/2Q), both effects are equal and agree
with (19) and (26). At higher offsets, the effect of force
nonlinearity is reduced as the resonator is not excited far
from the resonance. The aliasing due to current nonlinear-
ity does not show this effect as it is due to direct modula-
tion of the capacitance.

To further validate the noise aliasing analysis, the alias-
ing factors were simulated at different noise levels. The
aliasing factors remained unchanged to noise voltages less
than 10 mV. At higher noise levels, the oscillation fre-
quency was changed as the noise started to be significant
in comparison to bias voltage. As the typical noise levels
are less than 1 µV/

√
Hz, the first-order mixing analysis

is enough for accurate estimation of noise aliasing in the
resonator.

IV. Analytical Phase Noise Model

Here an analytical model for the noise in a closed-
loop micromechanical oscillator is developed. The model
is based on well-known Leeson’s model for the phase noise
[7] [8] [10] and is expanded to incorporate the 1/f -noise
aliasing in microresonators.
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FBAR Resonator

• Another “MEMS” technology is the Thin Film Bulk 
Wave Acoustic Resonators (FBAR) 

• It uses a thin layer of Aluminum-Nitride piezoelectric 
material sandwiched between two metal electrodes 

• The FBAR has a small form factor and occupies only 
about 100µm x 100µm.
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FBAR Resonance

• Very similar to a XTAL resonator.  Has two modes:  
series and parallel

• Unloaded Q ~ 1000

• This technology will not be integrated directly with 
CMOS, but there is a potential for advanced packaging 
or procesing.
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FBAR Oscillator

• Rm ~ 1 ohm

• gm ~ 7.8 mS used (3X)

• C1=C2=.7pF

• gm/Id ~ 19, Id ~ 205μA

• Start-up behavior shown 
below:
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Measured Results on FBAR Osc

• Operate oscillator in “current 
limited” regime

• Voltage swing ~ 167 mV, Pdc ~ 
104 μW
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