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Linear Input/Output Representation

A linear system is completely characterized by its
impulse response function:

(1) = f h(T)x(t-T)dt LT
causality = /A(?)=0;t<0

y(t) has memory since i1t depends on

x(t-7); TE[-%,%]



Non-Linear Order-N Convolution

Consider a degree-n system:

y (1) = f...f[zn(rl,rz,...,rn)x(t -7,)..x(t -7, )dt,..dt,
\a

— Q0 — Q0

kernel

T X)) =ax(t) =y, () =a"y, (1)

Change of variables -

a,=t-1, daj =—dr]. E
‘L'j =t—O{j




Generalized Convolution

Generalization of convolution integral of order #:

y,(t) = fh,,, (t=7Tynt =T u(t))..u(t,)dr,..dT,




Non-Linear Example

X(t)

1 (1)

~

A,

| hs(7)

y; ()= }hf (t—-7)x(T)dt

() =y, ()y, () y;(t)

= }hl (T,)x(t-7,)dr, - j' @drz : } @ drt,



Non-Linear Example (cont)

() =y, ()y, () y;(t)

= }hl (7,)x(7 - 7,)dT, } @dTZ -}@d’l@

o0 OO0 OO

wwwwww

h(tl 1y, t3) = hl (tl )hz (tz )h3 (t3)

1
hs( ) =g{h(tlatzat_?,)+h(t29t19t3)+h(l‘29t39t1)+“°}

Kernel 1s not in unique. We can define a unique “symmetric” kernel.



Symmetry of Kernel

Kernel h can be expressed as a symmetric function of its
arguments: Consider output of a system where we permute
any number of indices of #:

f h(t,,t,)x(t -1,)x(t —,)dt,dT,
= f h(t,,t,)x(t —1,)x(t - T,)dr,dt,
h(rlatz) < h(Tz 91’—1)

For n arguments, n! permutations



Symmetric kernel

We create a symmetric kernel by

hsym 1ol Eh(tn(l)» DJr(n))

System output i1dentical to orlglnal unsymmetrical kernel

Volterra Series: “Polynomial” of degree N

(1) = E fh (t,,....T,)x(t -T,) - x(t -7, )d7,..dT,

nl_oo



Volterra Series

(1) = % j'hn (t,,....T, ) x(t -7,).. x(t—-7,))dt,..dt,

Ifh(t,.,t)=a,0(t)0(t,)..0(t,), we get ordinary

power series:
(1) = ax(t) + a,x(t)’ +....+ a,x(t)"

It can be rigorously shown by the Stone-Weierstrass theorem
that the above polynomial approximates a non-linear system
to any desired precision if N is made sufficiently large.



Non-rigorous "proof”

Say y(t) is a non-linear function of X( —=T) for all
T >0 (all past input)

Fix time t and say that X(f —=T) can be characterized
by the set {x,(?),..., X, (?),...}so that y(t) is some non-
linear function:

Y(@) = /(% (2), %,(2),...)



Non-Rigorous Proof (cont)

Let 1¢,(2),9,(?)....} be an orthonormal basis for the space
f¢i (T)¢j (T)dT =, 61]

Thu 0
S =1 = 3 5 (09,0)

x, (1) = f x(t-1)p.(r)dr  “inner product”



Non-Rigorous Proof (cont)

Expand finto a Taylor series

f(xl(t),xz(t),...)

y({t)=a, + i ax(t)+ i 5: a,ax,(1)x;(t)+...

0 X0 o

=4, +}2 a,(T,)x(t -7, )dt, +ff2 i a,¢,(t))¢;(T,)x(t —7,)x(t —7,)d7,dT,

hy(T,,T,)

This 1s the Volterra/Wiener representation for a non-linear
system

Sifting Property: X(0) = f O(t-0)x(t)dt




Interconnection of Non-Linear Systems
{ ok (t,t)

L
> g (t,...,1 )

f. (et )=h (,...0 )+ g (t,..,1 )

Sum:




Product Interconnection

> hn
y
Product: * — ><>—

Em
(1) = f h (t,,....T, )x(t —T,)..x(t -7,)dT,...dt, X
f g (t,,...,T, )x(t-7,)..x(t -7, )dr,..dT,,

B fhn (T19°°°7Tn)gm (tn+19“'97:n+m)x(t _TI)"'x(t _Tn+m)d1"l'"d7:n+m

fn+m (t19'“’tn+m) = hn (tlﬂ'“’tn )gm (tn+l7"'9tn+m)



Volterra Series Laplace Domain

= Transform domain input/output representation

= Linear systems in time domain

o0

F(s)=LLf(O]= [ f(ne™dt

0

= Define Generalized Laplace Transform:

F(s,....,s )=L[ f(¢,,..,1)]

= [f(tert, e o™l
0



Volterra Series Example

s Generalized transform of a function of two

variables:
ft.t,) =t ~te™" 4,1, =0

F(Sl , S2) =fftle—s1t1e—szfz dtldtz _fftle—lze—sme—szfz dtldtz
00 00

1 oo ) oo ) )
F(Sl,Sz) =— fe Sztzdtz _fe Lo thzdtz
510 g ALY W Y
1 1
S5 1+,
1




Properties of Transform

= Property 1: L is linear
= Property 2:

J(t,st))=h(t,....0,)g(t,  5st,)
=N
F(S$)5e0s8,) = H(S,5e.0s8,)G(S, 1505 8,)

= Property 3: Convolution form #1

f(t,.5) =>7‘h(t)g(t1 -T,....,t, —T)dT

F(Ss.ers,)=H(s, +--+5 )G(s,,...,5,)



Properties of Generalized Transform

= Property 4: Convolution Form #2:
J(tensty) = fh(f = Ty5ee0l, =T,)8 (T, T, ) X dT,..AT,

F($5...r8,)=H(S,.... 8 )G(S,,...,5,)

= Property 5: Time delay 7, >0

L[f(tl 1, . n - T )] F(Sl9---,Sn)e_S1T1mSnT”



Cascades of Systems

m Cascade #1:
x ——1H (s,,...,5 ) G,(s) [—

non-linear linear

F (8),..0r8,)=H (8,,+-5 )G (s, +:+5 )

n

m Cascade #2:
X ——t  H () G, (Sp5eer S, ) Y

linear non-linear

F (8508, )=H (s,)--H, (5,)G, (S,,...,5,)



Cascade Example

H,(s)

N\

H,(s)

P

Hi(s) [—

F(s,,5,) ={—[1(51)H2(52){—I3(S1 +S2)j

/

not symmetric

property #1

property #2



Exp Response of n-th Order System

y (1) = f h (t,...T,)x(t=1,)--x(t -7,)dr,..dt,
Y g
x(1) = zaie)“f’
yn(t) = fhn(TI ..... Tn)‘l_‘[[aleh(t—‘ﬂj) +.”+ape7tp(l—‘rj)]xdz,l dl_n
- N
a I

- A (1=T1) - A (t-T,)

20%8 a ’Eak et

=1 n=1 "
continued ;;>




Exponential Response (cont)

>

P P n
Z...;(Hak.)exp{kkl (t-7)+...+A (-7 )}
R IE "
4 - A
CXP{E M (E-T)))
yn(f)=§=1 i(nak JGXP{EA f}ih ((T15-.T, ) €Xpi— Eﬂ T,}dT,.. d;

~
H, (A sy )



The Final Result...

y,(1) = Z Zl(nakj JGXP{Z )Lk,t}Hn ()“k1 9'"9A'kn ]

J

= We’ve seen this before... A particular
frequency mix m +mh, +..+m,, has response

alml ...Ofp ..... (A,l A )e(mlitl+...+mp)tp)t



Frequency mix response

y (1) = E o ..o, G, (A)exp{m: X}

= Sum over all vectors 772 such that 0 =m; < n

P
S
i=1

s If H,(5,.--.8,) is symmetric, then we can
group the terms as before

G (1) = (1), (Arseees Dasevis Ay enis A )
/ ) ’

m, m

n! p

mlm,!..m !



Important special case P=n

.....

= To derive H,,,,(4,....4,), we can apply n
exponentials to a degree n system and the
symmetric transfer function is given by %
times the coefficient of

M+ +A L

= We call this the “Growing Exponential
Method”



Example 1

H,(s)

O\

H,(s)

X7

H,(s)

= Excite system with two-tones:

v(t) = [, (A)e™ + H,(2)e™ K (H, (4)e™ + H,(3,)e™ )

= H\()H,(A)e™™" + H\ (%) H, (3, )e™
+ Hy () Ho(h)e ™" 4 Hy (0o Hy (2 )e




Example 1 (cont)

Y(t) = H,(A)H,(A)H,(2A)e™ + H (A,)H,(A,)H, (21, )e*™"

+[H (M) H,(A) + H (4)H,(A)]- Hy (4 + )Lz)eulﬂz)t
= ~ —

20H  (s,,5,)

sym

H,(s,5,) =3[H (s)H,(s,) + H (s,)H,(s))]H;(s, +5,)

sym



Example 2

= Non-linear system 1n parallel with linear
system:

linear

y

s H\(s) jl
X —» ®_, y

" H,(sy,5,) _j

2

non-linear
= fh1(771)x(1—171)d’51 Y, = fhz(fz,fg)X(t—Tz)x(t—r3)dr2dr3

N XV, = fh1(771)h2(T2»773)x(t =T;) - x(t - T;)dT,...dT;
AN J
Y
h.(t,,T,,T;)
composite —~




Example 2 (cont)

Hsym(S19S29S3) = %{Hl(sl)Hz(Sza%)+H1(32)H2(S1:S3)+H1(53)H2(519S2)}
\ )

Y

assuming H, is symmetric

Notation: H, (s,,5,,5;)=H (s,)H,(s,,5;)




Example 2 Again

linear

H,(s)

S J@ y

1 H,(5155,) v,

non-linear

= Redo example with growing exponential
method

= Overall system 1s third order, so apply sum
of 3 exponentials to system

A i
e e’ 4™



Example 3

= We can drop terms that we don’t care about

= We only care about the final term e +e te

. A +A
so for now ignore terms except ¢

where j=k

Mt

= Focus on terms 1n y, first
2€(A1+)L2)tH2S (A’l , A’2)
26(;L1+)L2)1H2S(A1,)\3)/ HZS(A'I’A'Z)=HZS(A‘29A1)

2€(Az+%)tH2S(A,2,).3)/

symmetric kernel




Example 3 (cont)

= Now the product of »(¥) & »,(#) produces
terms like eM+2*%)

2H, (A, M) H (A )e! "7
+2H, (A, A)H (A,))e M)
+2H, (A, A)H (A)e M)
= 3!H3S(A1»)Lz:)\'s)

2
H3s(51952953)=§( )



Capacitive non-linearity
= Non-linear capacitors: C/

CH & Ccs ﬂ /

cC, & C, MOSFET

= Small signal (incremental) capacitance

o K

Cj=dV:— T n=2-3
LD+
Let v, =v,+v
K 2
Cj = T N “Cuo +Culv+Cuzv +...
(®+V.)"(1+ )" ’\
J (I)+VQ \ cap/V?
cap/V

small signal cap



Cap Non-Linearity (cont)

_dQ _dQdv
dt  dv di

dv
=(C . (v)—

dv dv dv
i=C,—+C v—+C, v'—+--.
L230) df W df 2%) df

C 2 C 3
_C dv+ u Av L dav ..
“dr 2 dt 3 dt

Model:

n+l d

v—_ -

dt "

Non-Linear Linear



Overall Model

.=dQ=dev

T T dv d
e

C,(v)

dv
—C (N
() -

2
C,(v)=C, +C,v+C v +..

2 3
i=C @+1C dL+1C dl+
Yodt 2 M dt 30" dt

~N T




Cap Model Decomposition

V=H1(S1)x * ¢, /1 di
x? C, /2 % —
: R e B R
= Let v=Hl(S1)X
v* =H1(S1)H1(S2)X2
. |
b _=(Sl+S2)H1(S1)H1(S2 ~C, x°

2#1

. | | .
[ = (S1 +...+S, )H1 (Sl)..H1 (Sn );C%n_lx

_______



A Real Circuit Example

I
R v <,
W { oV, |
l i l L, (Note: DC Bias not shown)
~ A/ A 4
R

= Find distortion in v, for sinusoidal steady
state response

Vo = Bl(ja)l )o Vi +B2(jw1ajw2 )O Vz'2 t...
= Need to also find
v, = Al(jwl )O v + Az(fw1ajw2 )O Vi2 t...



Circuit Example (cont)

= Setup non-linearities

s Diode:

= Capacitor:

(Vo+VQ )VT —]

. =1ge 0
VolVi v IV; v, /Vy
=[§eQ e —]Q =]Q(e —IJ
I, ol
2 _ 19
=&V, T &Y, T-.. S
C. = % =C +Cy, +Cv, +...
Vi

, dv, C, dv’ C,dv’
lcx = o + +
dt 2 dt 3 dt



Second-Order Terms

O=%+j(wa "'wbx(Az _Bz)"'
1

(1) jlo, +o,)C A4, +j(wa+wb)%A1(iwo)Al(jwb)

_j(a)a T, x‘(Az - B, )"‘ g1Bz(jwa>jwb )"‘

2,5, (ja)a )Bl (jwb )= 0

(2)

s Solve for A and B



Third-Order Terms

(1) %+j(wa+a)b+a)cxj(A3_B3)+j(wa+a)b+a)ckjoA3+

1
j(wa +a)b +a)c )%2Al(ja)a )‘/42(].0)619].0)[) )+

o, + 0, +0, )2 4,0, (o, 4, (o, )=0

(2) _j(a)a T, +0, r(A3 - B, )+ g B;+g,2B B, +
g;B,B,B, =0

= Solve for A; & B,



Distortion Calc at High Freq

S, =H1(jwa)osi +H2(jwa9jwb)osz'2 t...

Compute IM; at 2w,-w, only generated by n =3
/ 3 -2 -1 +1 42 +3
k=00 0 1.0 2 0)

H; 1s symmetric so we can group all terms producing this
frequency mix by H,

(3;]€1M3 )_ 3! _2 i1{3(,].6()29].6029_].601)5‘1‘“?22
2T T4 4 4

For equal amp o/p signal, we adjust
each input amp so that:

— 3 SISZZ‘H-” (jw”jwz’_jwl} So = |H1 (jwl )Sl = |H1 (jwz )Sz
4 ‘Hl(jwl 151

IM,



Disto Calc at High Freq (2)

3 ‘H (Ja)z»]wza ]wl)s 2

IM, =
4H, (o JH, (o, )
3 613 2
At low frequency: M, =——5,
4 a

= Conclude that at high frequency all third
order distortion (fractional) o« (signal level)?
for small distortion all second order «
(signal level)



Disto Calc at High Freq (3)

« Similarly ~,, _ 5" [H:Gojo.jo)

4 S,
So = |H1 (ja)l )Sl
HD3 =1‘H3(¢]‘a)1’..ja)l’?;ja)l)‘g02
4 ‘H (jow,)
= Low Freq: 1
a, 2
HD, =——5,
4 al
= No fixed relation between HD; and IM,
A ;7
;M K harmonics filtered and
/ T T“ reduced substantially
: ‘\ 44 A4 >




High Freq Distortion & Feedback

Pt
p

m Let s =A(w Jos,+A4,(jo , jo,)os. +...

Sfb=[)’(ja)a)oso S¢ =5, =874
= Look for
s,=B(jo,)es; +B,(jo,, jw, ) s +..

Bl(/'a)a )o s +B,os’ +..= 4, (91. — /J’(la)a )o (Bl(ja)a )o s.+B,os’ +)1— J

+Azo( )2+



High Freq Disto & FB (2)

First-order: B(w,)= T
. 1 1+1<110wa2§(]wa2
- Second-order: T(]'a)a ) Frequency dependent

loop gain
B, = _Al(jwa + jw, )ﬁ(]a)a + jw, )B2(ja)a9jwb )"'
4, (jwa , J, )Bl (ja)a )Bl (jwb )
Bz(/'a) ja)b)= A2(ia)a9jwb)Bl(jwa)Bl(iwb)
’ (1+A1(jwa+ja)b)ﬁ(jwa+ja)b)BZ(jwa7ja)b))
B2(ia)a9jwb)= AZ(jwa,jwb)

[1+Al(ia)a +ja)b)/3(ja)a +jwb)]x j

<

et 4 A G0, )80, <1+ 4,0, B (a,)




Comments about HF/LF Disto

s Feedback reduces distortion at low

. 1

frequency and high frequency x e
fixed output signal level

for a

|
= True at high frequency 1f we use 1+T(,-wJ
where w 1s evaluated at the frequency of the
distortion product

= While IM/HD no longer related, CM, TB,
P-1dB, PBL are related since frequencies
close together

= Most circuits (90%) can be analyzed with a
POWET SEries
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